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<> Foreword

Andrew S. Glassnher

We make images to communicate. The ultimate measure of the quality of our images
is how well they communicate information and ideas from the creator’s mind to the
perceiver’s mind. The efficiency of this communication, and the quality of our image,
depends on both what we want to say and to whom we intend to say it.

I believe that computer-generated images are used today in two distinct ways, char-
acterized by whether the intended receiver of the work is a person or machine. Images
in these two categories have quite different reasons for creation, and need to satisfy
different criteria in order to be successful.

Consider first an image made for a machine. For example, an architect planning
a garden next to a house may wish to know how much light the garden will typically
receive per day during the summer months. To determine this illumination, the architect
might build a 3D model of the house and garden, and then use computer graphics to
simulate the illumination on the ground at different times of day in a variety of seasons.
The images generated by the rendering program would be a by-product, and perhaps
never even looked at; they were only generated in order to compute illumination. The
only criterion for judgment for such images is an appropriate measure of accuracy.

Nobody will pass judgment on the aesthetics of these pictures, since no person with
an aesthetic sense will ever see them. Accuracy does not require beauty. For example,
a simulation may not produce images that are individually correct, but instead average
to the correct answer. The light emitted by the sun may be modeled as small, discrete
chunks, causing irregular blobs of illumination on the garden. When these blobs are
averaged together over many hours and days, the estimates approach the correct value
for the received sunlight. No one of these pictures is accurate individually, and probably
none of them would be very attractive.

When we make images for people, we have a different set of demands. We almost
always require that our images be attractive in some way. In this context, attractive
does not necessarily mean beautiful, but it means that there must be an aesthetic
component influenced by composition, color, weight, and so on. Even when we intend
to act as analytic and dispassionate observers, humans have an innate sense of beauty
that cannot be denied. This is the source of all ornament in art, music, and literature:
we always desire something beyond the purely functional. Even the most utilitarian
objects, such as hammers and pencils, are designed to provide grace and beauty to
our eyes and offer comfort to our hands. When we weave together beauty and utility,
we create elegance. People are more interested in beautiful things than neutral things,
because they stimulate our senses and our feelings.

Xi
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So even the most utilitarian image intended to communicate something to another
person must be designed with that person in mind: the picture must be composed so
that it is balanced in terms of form and space, the colors must harmonize, the shapes
must not jar. It is by occasionally violating these principles that we can make one part
of the image stand out with respect to the background; ignoring them produces images
that have no focus and no balance, and thus do not capture and hold our interest.
Their ability to communicate is reduced. Every successful creator of business charts,
wallpaper designs, and scientific visualizations knows these rules and works with them.

So images intended for people must be attractive. Only then can we further address
the idea of accuracy. What does it mean for an image intended for a person to be
“accurate”?

Sometimes “accuracy” is interpreted to mean that the energy of the visible light
calculated to form the image exactly matches the energy that would be measured if the
modeled scene (including light sources) really existed, and were photographed; this idea
is described in computer graphics by the term photorealism. This would certainly be
desirable, under some circumstances, if the image were intended for a machine’s analysis,
but the human perceptual apparatus responds differently than a flatbed scanner. People
are not very good at determining absolute levels of light, and we are easily fooled into
thinking that the brightest and least chromatic part of an image is “white.”

Again we return to the question of what we’re trying to communicate. If the point of
an image is that a garden is well-lit and that there is uniform illumination over its entire
surface, then we do not care about the radiometric accuracy of the image as much as
the fact that it conveys that information; the whole picture could be too bright or too
dark by some constant factor and this message will still be carried without distortion.
In the garden image, we expect a certain variation due to the variety of soil, rocks,
plants, and other geometry in the scene. Very few people could spot the error in a
good but imprecise approximation of such seemingly random fluctuation. In this type
of situation, if you can’t see the error, you don’t care about it. So not only can the
illumination be off by a constant factor, it can vary from the “true” value quite a bit
from point to point and we won’t notice, or if we do notice, we won't mind.

If we want to convey the sense of a scene viewed at night, then we need to take
into account the entire observer of a night scene. The human visual system adapts to
different light levels, which changes how it perceives different ranges of light. If we look
at a room lit by a single 25-watt light bulb, and then look at it again when we use
a 1000-watt bulb, the overall illumination has changed by a constant factor, but our
perception of the room changes in a non-linear way. The room lit by the 25-watt bulb
appears dark and shadowy, while the room lit by the 1000-watt bulb is stark and bright.
If we display both on a CRT using the same intensity range, even though the underlying
radiance values were computed with precision, both images will appear the same. Is this
either accurate or photorealistic?

Sometimes some parts of an image intended for a person must be accurate, depending



Foreword ¢  Xiii

on what that image is intended to communicate. If the picture shows a new object
intended for possible manufacture, the precise shape may be important, or the way
it reflects light may be critical. In these applications we are treating the person as a
machine; we are inviting the person to analyze one or more characteristics of the image
as a predictor of a real object or scene. When we are making an image of a smooth and
glossy object prior to manufacture in order to evaluate its appearance, the shading must
match that of the final object as accurately as possible. If we are only rendering the
shape in order to make sure it will fit into some packing material, the shading only needs
to give us information about the shape of the object; this shading may be arbitrarily
inaccurate as long as we still get the right perception of shape. A silver candlestick
might be rendered as though it were made of concrete, for example, if including the
highlights and caustics would interfere with judging its shape. In this case our definition
of “accuracy” involves our ability to judge the structure of shapes from their images,
and does not include the optical properties of the shape.

My point is that images made for machines should be judged by very different criteria
than images made for people. This can help us evaluate the applicability of different
types of images with different objective accuracies. Consider the picture generated for
an architect’s client, with the purpose of getting an early opinion from the client re-
garding whether there are enough trees in the yard. The accuracy of this image doesn’t
matter as long as it looks good and is roughly correct in terms of geometry and shading.
Too much precision in every part of the image may lead to too much distraction; be-
cause of its perceived realism and implied finality, the client may start thinking about
whether a small shed in the image is placed just right, when it hasn’t even been de-
cided that there will be a shed at all. Precision implies a statement; vagueness implies
a suggestion.

Consider the situation where someone is evaluating a new design for a crystal drinking
glass; the precision of the geometry and the rendering will matter a great deal, since
the reflections and sparkling colors are very important in this situation. But still, the
numerical accuracy of the energy simulation need not be right, as long as the relative
accuracy of the image is correct. Then there’s the image made as a simulation for
analysis by a machine. In this case the image must be accurate with respect to whatever
criteria will be measured and whatever choice of measurement is used.

Images are for communication, and the success of an image should be measured only
by how well it communicates. Sometimes too little objective accuracy can distort the
message; sometimes too much accuracy can detract from the message. The reason for
making a picture is to communicate something that must be said; the image should
support that message and not dominate it. The medium must be chosen to fit the
message.

To make effective images we need effective tools, and that is what this book is intended
to provide. Every profession has its rules of thumb and tricks of the trade; in computer
graphics, these bits of wisdom are described in words, equations, and programs. The
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Graphics Gems series is like a general store; it’s fun to drop in every once in a while
and browse, uncovering unusual items with which you were unfamiliar, and seeing new
applications for old ideas. When you're faced with a sticky problem, you may remember
seeing just the right tool on display. Happily, our stock is in limitless supply, and as

near as your bookshelf or library.
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This book is a cookbook for computer graphics programmers, a kind of “Numerical
Recipes” for graphics. It contains practical techniques that can help you do 2D and 3D
modeling, animation, rendering, and image processing. The 52 articles, written by 54
authors worldwide, have been selected for their usefulness, novelty, and simplicity. Each
article, or “Gem,” presents a technique in words and formulas, and also, for most of
the articles, in C or C++ code as well. The code is available in electronic form on the
IBM or Macintosh floppy disk in the back pocket of the book, and is available on the
Internet via FTP (see address below). The floppy disk also contains all of the code from
the previous volumes: Graphics Gems I, II, and III. You are free to use and modify this
code in any way you like.

A few of the Gems in this book deserve special mention because they provide imple-
mentations of particularly useful, but non-trivial algorithms. Gems IV.6 and IV.8 give
very general, modular code to polygonize parametric and implicit surfaces, respectively.
With these two and a polygon renderer, you could probably display 95% of all com-
puter graphics models! Gem 1.5 finds 2D Voronoi diagrams or Delaunay triangulations.
These data structures are very widely used for mesh generation and other geometric
operations. In the area of interaction, Gem III.1 provides code for control of orientation
in 3D. This could be used in interactive 3D modelers. Finally, Gem 1.8 gives code to find
collisions of polyhedra, an important task in physically based modeling and animation.

This book, like the previous three volumes in the Graphics Gems series, lies some-
where between the media of textbook, journal, and computer bulletin board. Textbooks
explain algorithms very well, but if you are doing computer graphics programming, then
they may not provide what you need: an implementation. Similarly, technical jour-
nals seldom present implementations, and they are often much more theoretical than
a programmer cares for. The third alternative, computer bulletin boards such as the
USENET news group comp.graphics.algorithms, occasionally contains good code, but
because most bulletin boards are unmoderated and unedited, they are so flooded with
queries that it is tedious to find useful information. The Graphics Gems series is an
attempt at a middle ground, where programmers worldwide can contribute graphics
techniques that they have found useful, and the best of these get published. Most of the
articles are written by the inventors of the techniques, so you will learn their motiva-
tions and see their programming techniques firsthand. Also, the implementations have
been selected for their portability; they are not limited to UNIX, IBM, or Macintosh
systems. Most of them will compile and run, perhaps with minor modifications, on any
computer with a C or C++ compiler.

XV
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Assembling this book has been a collaborative process involving many people. In the
Spring of 1993, a call for contributions was distributed worldwide via electronic mail
and word of mouth. Submissions arrived in the Summer of 1993. These were read by
me and many were also read by one or more of my outside reviewers: Eric Haines,
Andrew Glassner, Chandrajit Bajaj, Tom Duff, Ron Goldman, Tom Sederberg, David
Baraff, Jules Bloomenthal, Ken Shoemake, Mike Kass, Don Mitchell, and Greg Ward.
Of the 155 articles submitted, 52 were accepted for publication. These were revised
and, in most cases, formatted into IATgX by the authors. Coordinating the project
at Academic Press in Cambridge, Massachusetts, were Jenifer Niles and Brian Miller.
Book composition was done by Rena Wells at Rosenlaui Publishing Services in Houston,
Texas, and the cover image was made by Eben Ostby of Pixar, in Richmond, California.
T am very thankful to all of these people and to the others who worked on this book
for helping to make it a reality. Great thanks also to the Graphics Gems series editor,
Andrew Glassner, for inviting me to be editor for this volume, and to my wife, Bridget
Johnson-Heckbert, for her patience.

There are a few differences between this book and the previous volumes of the series.
Organizationally, the code and bibliographies are not collected at the back of the book,
but appear with the text of the corresponding article. These changes make each Gem
more self-contained. The book also differs in emphasis. Relative to the previous volumes,
I have probably stressed novelty more, and simplicity less, preferring an implementation
of a complex computer graphics algorithm over formulas from analytic geometry, for
example.

In addition to the Graphics Gems series, there are several other good sources for
practical computer graphics techniques. One of these is the column “Jim Blinn’s Cor-
ner” that appears in the journal IEEE Computer Graphics and Applications. Another is
the book A Programmer’s Geometry, by Adrian Bowyer and John Woodwark (Butter-
worth’s, London, 1983), which is full of analytic geometry formulas. A mix of analytic
geometry and basic computer graphics formulas is contained in the book Computer
Graphics Handbook: Geometry and Mathematics by Michael E. Mortensen (Industrial
Press, New York, 1990). Another excellent source is, of course, graphics textbooks.

Code in this book is available on the Internet by anonymous FTP from princeton.edu
(128.112.128.1) in the directory pub/Graphics/GraphicsGems/GemsIV. The code for
other Graphics Gems books is also available nearby. Bug reports should be submitted
as described in the README file there.

Paul Heckbert, March 1994
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The cover: “Washday Miracle” by Eben Ostby. Copyright (©) 1994 Pixar.

When series editor Andrew Glassner called me to ask if I could help with a cover image
for Graphics Gems IV, there were four requirements: the image needed to tell a story; it
needed to have gems in it; it should be a computer-generated image; and it should look
good. To these parameters, I added one of my own: it should tell a story that is different
from the previous covers. Those stories were usually mystical or magical; accordingly, I
decided to take the mundane as my inspiration.

The image was created using a variety of tools, including Alias Studio; Menv, our own
internal animation system; and Photorealistic RenderMan. The appliances, table, and
basket were built in Alias. The gems were placed by a stochastic “gem-placer” running
under Menv. The house set was built in Menv. Surface descriptions were written in the
RenderMan shading language and include both procedural and painted textures.

For the number-conscious, this image was rendered at a resolution of 2048 by 2695
and contains the following:

16 lights

643 gems

30,529 lines or 2,389,896 bytes of model information
4 cycles: regular, delicate, Perma-Press, and Air Fluff

Galyn Susman did the lighting design. Andrew Glassner reviewed and critiqued, and
made the image far better as a result. Matt Martin made prepress proofs. Pixar (in
corpora Karen Robert Jackson and Ralph Guggenheim) permitted me time to do this.

Eben Ostby

Pixar

xvii
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Polygons and Polyhedra

This part of the book contains five Gems on polygons and three on polyhedra. Polygons
and polyhedra are the most basic and popular geometric building blocks in computer
graphics.

1.1. Centroid of a Polygon, by Gerard Bashein and Paul R. Detmer.
Gives formulas and code to find the centroid (center of mass) of a polygon. This is
useful when simulating Newtonian dynamics. Page 3.

1.2. Testing the Convexity of a Polygon, by Peter Schorn and Frederick Fisher.

Gives an algorithm and code to determine if a polygon is convex, non-convex (concave
but not convex), or non-simple (self-intersecting). For many polygon operations, faster
algorithms can be used if the polygon is known to be convex. This is true when scan
converting a polygon and when determining if a point is inside a polygon, for instance.
Page 7.

1.3. An Incremental Angle Point in Polygon Test, by Kevin Weiler.

l.4. Point in Polygon Strategies, by Eric Haines.

Provide algorithms for testing if a point is inside a polygon, a task known as point
inclusion testing in computational geometry. Point-in-polygon testing is a basic task
when ray tracing polygonal models, so these methods are useful for 3D as well as
2D graphics. Weiler presents a single algorithm for testing if a point lies in a concave
polygon, while Haines surveys a number of algorithms for point inclusion testing in both
convex and concave polygons, with empirical speed tests and practical optimizations.
Pages 16 and 24.
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1.5. Incremental Delaunay Triangulation, by Dani Lischinski.

Gives some code to solve a very important problem: finding Delaunay triangulations
and Voronoi diagrams in 2D. These two geometric constructions are useful for trian-
gular mesh generation and for nearest neighbor finding, respectively. Triangular mesh
generation comes up when doing interpolation of surfaces from scattered data points,
and in fnite element simulations of all kinds, such as radiosity. Voronoi diagrams are
used in many computational geometry algorithms. Page 47.

The final three Gems of this part of the book concern polyhedra: polygonal models that
are intrinsically three-dimensional.

1.6. Building Vertex Normals from an Unstructured Polygon List, by Andrew Glassner.
Solves a fairly common rendering problem: if one is given a set of polygons in raw form,
with no topological (adjacency) information, and asked to do smooth shading (Gouraud
or Phong shading) of them, one must infer topology and compute vertex normals.
Page 60.

1.7. Detecting Intersection of a Rectangular Solid and a Convex Polyhedron, by

Ned Greene.

Presents an optimized technique to test for intersection between a convex polyhedron
and a box. This is useful when comparing bounding boxes against a viewing frustum in
a rendering program, for instance. Page 74.

1.8. Fast Collision Detection of Moving Convex Polyhedra, by Rich Rabbitz.
A turn-key piece of software that solves a difficult but basic problem in physically based
animation and interactive modeling. Page 83.




g

Q1.1

Centroid of a Polygon

Gerard Bashein! Paul R. Detmer!
Department of Anesthesiology and Department of Surgery and
Center for Bioengineering, RN-10 Center for Bioengineering, RF-25
University of Washington University of Washington

Seattle, WA 98195 Seattle, WA 98195
gb@locke.hs.washington.edu pdetmer@u.washington.edu

This Gem gives a rapid and accurate method to calculate the area and the coordinates
of the center of mass of a simple polygon.

Determination of the center of mass of a polygonal object may be required in the
simulation of planar mechanical systems and in some types of graphical data analysis.
When the density of an object is uniform, the center of mass is called the centroid. The
naive way of calculating the centroid, taking the mean of the z and y coordinates of
the vertices, gives incorrect results except in a few simple situations, because it actually
finds the center of mass of a massless polygon with equal point masses at its vertices. As
an example of how the naive method would fail, consider a simple polygon composed
of many small line segments (and closely spaced vertices) along one side and only a
few vertices along the other sides. The means of the vertex coordinates would then be
skewed toward the side having many vertices.

Basic mechanics texts show that the coordinates (Z,7) of the centroid of a closed
planar region R are given by

Jpzdedy _ po

T =R 1 (1)
g=davieds_ i ©)

where A is the area of R, and p, and p, are the first moments of R along the z- and
y-coordinates, respectively.

In the case where R is a polygon given by the points (x;,v;), ¢ = 0, ..., n, with
To = T, and Yo = yn, (Roberts 1965) and later (Rokne 1991), (Goldman 1991}, and
others have shown a rapid method for calculating its area based upon Green’s theorem
in a plane.

1Supported by grants HL42270 and HL41464 from the National Institutes of Health, Bethesda, MD.
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1 n—1
Z a;, where a; = Tiyi+1 — Tit1¥i
i=0

A=
2

Janicki et al. have also shown that the first moments p; and p, of a polygon can also
be found by Green’s theorem (Janicki et al. 1981), which states that given continuous

functions M (z,y) and N(z,y) having continuous partial derivatives over a region R,
which is enclosed by a contour C,

L(de—kNdy)z//}{(%%—%—)dwdy (3)

To evaluate the numerator of (1), let M =0 and N = 2% Then the right side of (3)
equals p,, and the first moment can be calculated as

1
pe = 5/09626&/

Then, representing the line segments between each vertex parametrically and summing
the integrals over each line segment yields

1 n—1
Ho = & Z (Tig1 + ) - aq
i=0
Similarly, to evaluate the numerator of (2), let M = —%yQ and N = 0, and evaluate

the left side of (3). The result becomes

n—1

1
by =75 > (g1 +ui) - ai
=0

The form of the equations given above is particularly suited for numerical compu-
tation, because it takes advantage of a common factor in the area and moments, and
because it eliminates one subtraction (and the consequent loss of accuracy) from each
term of the summation for the moments. The loss of numerical accuracy due to the
remaining subtraction can be reduced if, before calculating the centroid, the coordinate
system is translated to place its origin somewhere close to the polygon.

The techniques used above can be generalized to find volumes, centroids, and mo-
ments of inertia of polyhedra (Lien and Kajiya 1984).

The following C code will calculate the z- and y-coordinates of the centroid and the
area of any simple (non-sell-intersecting) convex or concave polygon. The algebraic
signs of both the area (output by the function) and first moments (internal variables
only) will be positive when the vertices are ordered in a counterclockwise direction in
the z—y plane, and negative otherwise. The coordinates of the centroid will have the
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correct signs in either case. The method of computation is algebraically equivalent to
breaking the polygon into component triangles, finding their signed areas and centroids,
and combining the results. Non-simple polygons will have the contributions of their
overlapping regions to the area and moments summed algebraically according to the
direction (clockwise or counterclockwise) of each traversal of each region.

$ CCode ¢

/*********************************************************************

polyCentroid: Calculates the centroid (xCentroid, yCentroid) and area

of a polygon, given its vertices (x[0]}, yI[(0]) ... (x[n-1], y[n-1}). It
is assumed that the contour is closed, i.e., that the vertex following
(x(n-1], yI[n-1]) is (x[0], yI[0]). The algebraic sign of the area is

positive for counterclockwise ordering of vertices in x-y plane;
otherwise negative.

Returned values: 0 for normal execution; 1 if the polygon is
degenerate (number of vertices < 3); and 2 if area = 0 (and the
centroid is undefined).
**********************************************************************/
int polyCentroid{double x[], double y[], int n,
double *xCentroid, double *yCentroid, double *area)

{

register int i, j;

double ai, atmp = 0, xtmp = 0, ytmp = 0;

if (n < 3) return 1;

for (i = n-1, j = 0; j < n; 1 = 3, Jj++)
{
ai = x[i] * y([3] - x[3] * y[i];
atmp += ai;
xtmp += (x[j] + x[i]) * ai;

yemp += (y[j] + y[il) * ai;
}
*area = atmp / 2;
if (atmp != O)
{
*xCentroid = xtmp / (3 * atmp);
*yCentroid = ytmp / (3 * atmp);
return 0;
}
return 2;
}

J*x**xx and polyCentroid *****/
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& Abstract <

This article presents an algorithm that determines whether a polygon given by the
sequence of its vertices is convex. The algorithm is implemented in C, runs in time
proportional to the number of vertices, needs constant storage space, and handles all
degenerate cases, including non-simple (self-intersecting) polygons.

Results of a polygon convexity test are useful to select between various algorithms that
perform a given operation on a polygon. For example, polygon classification could be
used to choose between point-in-polygon algorithms in a ray tracer, to choose an output
rasterization routine, or to select an algorithm for line-polygon clipping or polygon-
polygon clipping. Generally, an algorithm that can assume a specific polygon shape can
be optimized to run much faster than a general routine.

Another application would be to use this classification scheme as part of a filter
program that processes input data, such as from a tablet. Results of the filter could
eliminate complex polygons so that following routines may assume convex polygons.

¢ Issues in Solving the Problem ¢

The problem whose solution this article describes started out as a posting on the
USENET bulletin board ‘comp.graphics’ which asked for a program that could decide
whether a polygon is convex. Answering this question turned into a contest, managed
by Kenneth Sloan, which aimed at the construction of a correct and efficient program.
The most important issues discussed were:

¢ Correctness, especially in degenerate cases. Many people quickly succeeded in writ-
ing a program which could handle almost all cases. The challenge was a program
which works in all, even degenerate, cases. Some degenerate examples are depicted
in Figure 1.
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. coinci ith p: <i<
p; coincides with p;,4 forl<i<4 py and py coincide

P p3 P P4

p3 lies on the edge from py to p

Pe pP7

P4
P Ps

Pg

Figure 1.  Some degenerate cases.

p2

p1 p3
Figure 2.  Non-convex polygon with a right turn at each vertex.

Although the first two examples might be considered convex (their interior is indeed
convex), a majority of the participants in the discussion agreed that these cases
should be considered not convex. Further complications are “al] points collinear”
and “repeated points.”

e What is a convex polygon? This question is very much related to correctness and a
suitable definition of a convex polygon was a hotly debated topic. When one thinks
about the problem for the first time, a common mistake is to require a right turn
at each vertex and nothing else. This leads to the counterexample in Figure 2.

e Efficiency. The program should run in time proportional to the number of vertices.
Furthermore, only constant space for the program was allowed. This required a
solution to read the polygon vertices from an input stream without saving them.

e Imprecise arithmetic. The meaning of “three points are collinear” becomes unclear
when the coordinates of the points are only approximately correct or when floating-
point arithmetic is used to test for collinearity or right turns. This article assumes
exact arithmetic in order to avoid complications.

& What Is a Convex Polygon? <

Answering this question is an essential step toward the construction of a robust program.
There are at least four approaches:
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p3

p7

p6
Figure 3.  An undisputed convex polygon.

The cavalier attitude: I know what a convex polygon is when I see one. For example
the polygon in Figure 3 is clearly convex.

The “what works for me” approach: A polygon P is convex if my triangulation
routine (renderer, etc.) which expects convex polygons as input can handle P.
The “algorithm as definition” approach: A polygon is convex if my convexity testing
program declares it as such.

A more abstract, mathematical approach starting with the definition of a convex
set: A set S of points is convex <

peS)AN(geS)=>VA:0<A<1: X-p+(1—-X):¢q€S

This roughly means that a set of points S is convex iff for any line drawn between
two points in the set S, then all points on the line segment are also in the set.

In the following we propose a different, formal approach, which has the following
advantages:

e It captures the intuition about a convex polygon.

e It gives a reasonable answer in degenerate cases.

o It distinguishes between clockwise- and counterclockwise orientations.

e It leads to a correct and efficient algorithm.

Classification: Given a sequence P = p1,p2,...,p, of points in the plane such that

1.
2.
3.

n is an integer and (n > 0).

Consecutive vertices are different. p; # p;y1 for 1 <4 < n (we assume pp4+1 = p1).
We restrict consideration to sequences where p; is lexicographically the smallest,
ie., p1 <p;for 2<i<mnwhere p<q& (pr < qz)V ((pz =ac) N (Py < qy))-

. All convex polygons are monotone polygons, that is the x-coordinate of the points

increases monotonically and then decreases monotonically. p; is the “rightmost
vertex.”
dj:1<j<n:pi<pigrforl<i<jandpi <pjforj<i<n
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Then if p; = [X;,Y;], and
d(i) = (Xiz1 — Xi) - (Yi = Yipr) — (Yiaa = Y3) - (X — Xi1)

P denotes a left- (counterclockwise) convex polygon <>
(Vi:1<i<n:di)<0)AEFi:1<i<n:d(i)<0)

P denotes a right- (clockwise) convex polygon <
(Vi:1<i<n:d@)>0)A(Fi:1<i<n:d@i)>0)

P denotes a degenerate-convex polygon <

Vi:1<i<n:di)=0

P denotes a non-convex polygon <

(F:1<i<n:di)<O)A(Fi:1<i<n:d(E) >0)

This classification of vertex-sequences agrees with our intuition for convex polygons
(see Figure 3). For clockwise convex polygons there is a right turn at each vertex, and
for counterclockwise convex polygons there is a left turn at each vertex. If the points
satisfy condition 4 but lie on a line, the polygon is classified as degenerate-convex.

For purposes of simplifying the classification, conditions 2, 3, and 4 constrain the
possible polygons. However, the classification can be extended to sequences not sat-
isfying conditions 2, 3, or 4. Any sequence can easily meet conditions 2 and 3 if we
remove consecutive duplicate points and perform a cyclic shift, moving the lexicograph-
ically smallest point to the beginning of the sequence. If condition 4 cannot be met, the
sequence denotes a non-convex polygon.

¢ ImplementationinC <

The following C program shows how the classification scheme can be turned into a
correct and efficient implementation. The program accepts lines which contain two
numbers, denoting the x- and y-coordinates of a point (see the function GetPoint).
Duplicate points are removed on the fly (see the function GetDifferentPoint).

Since we do not want to store more than a constant number of points, we cannot
perform a cyclic shift of the input vertices in order to assure condition 3. Instead, the
program counts how often the lexicographic order of the input vertices changes. If this
number exceeds two, the input polygon is definitely not convex.

In addition to the four cases distinguished in the classification scheme, the program
introduces a fifth case (NotConvexDegenerate) for polygons whose vertices all lie on a
line but do not satisfy condition 4.
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¢ Program to Classify a Polygon's Shape <
#include <stdio.h>

typedef enum { NotConvex, NotConvexDegenerate,
ConvexDegenerate, ConvexCCW, ConvexCW } PolygonClass;

typedef struct { double x, y; } Point2d;

int WhichSide(p, q, r) /* Given a directed line pg, determine */
Point2d P, 4, r; /* whether gr turns CW or CCW. */
{
double result;
result = (p.x - g.x) * (g.y - r.y) - (p.y - Q4.¥) * {g.x - r.x};
if (result < 0) return -1; /* g lies to the left (gr turns CW). */
if {result > 0) return 1; /* g lies to the right (gr turns CCW). */
return 0; /* g lies on the line from p to r. */
}
int Compare(p, Q) /* Lexicographic comparison of p and g */
Point2d P, 4
{
if (p.x < g.x) return -1; /* p 1is less than g. */
if (p.x » g.x) return 1; /* p 1is greater than g. */
if (p.y < g.y) return -1; /* p 1s less than g. */
if (p.y > g.y) return 1; /* p is greater than g. */
return 0; /* p 1s equal to g. */
}
int GetPoint(f, p) /* Read p's x- and y-coordinates from f */
FILE *f; /* and return true, iff successful. */
Point2d *p;
{
return !feof (f) && (2 == fscanf(f, "%$1f%1f", &(p->x), &(p->y)));

int GetDifferentPoint (f, previous, next)

FILE *f,; /* Read next point into 'mext' until it */
Point2d previous, *next; /* is different from 'previous' and */
{ /* return true iff successful. */
int eof;
while((eof = GetPoint (f, next)) && (Compare({previous, *next) == 0));

return eof;

/* CheckTriple tests three consecutive points for change of direction
* and for orientation.

*/
#define CheckTriple
if { (thisDir = Compare(second, third)) == -curDir )
++dirChanges;

curDir = thisDir;
if ( thisSign = WhichSide(first, second, third) ) {

P g
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if ( angleSign == -thisSign )
return NotConvex;
angleSign = thisSign;

P g

}

first = second; second = third;

/* Classify the polygon vertices on file 'f' according to: 'NotConvex' */

/* ‘NotConvexDegenerate', 'ConvexDegenerate', 'ConvexCCW', 'ConvexCW'. */
PolygonClass ClassifyPolygon(f)
FILE *f,
{
int curDir, thisDir, thisSign, angleSign = 0, dirChanges = 0;
PolygonClass result;
Point2d first, second, third, saveFirst, saveSecond;
if ( !GetPoint (f, &first) || !GetDifferentPoint(f, first, &second)
return ConvexDegenerate;
saveFirst = first; saveSecond = second;
curDir = Compare(first, second);
while( GetDifferentPoint (f, second, &third) } |
CheckTriple;

}
/* Must check that end of list continues back to start properly. */
if ( Compare{second, saveFirst) ) {
third = saveFirst; CheckTriple;
}
third = saveSecond; CheckTriple;

if ( dirChanges > 2 ) return angleSign ? NotConvex : NotConvexDegenerate;
if ( angleSign > 0 ) return ConvexCCW;
if ( angleSign < 0 ) return ConvexCW;

return ConvexDegenerate;

int main()
{
switch ( ClassifyPolygon(stdin) ) {
case NotConvex: fprintf ( stderr, "Not Convex\n");
exit (-1); break:;
case NotConvexDegenerate: fprlntf( stderr, "Not Convex Degenerate\n");
exit(-1); break;
case ConvexDegenerate: fprintf( stderr, "Convex Degenerate\n");
exit{ 0); break;
case ConvexCCW: fprintf( stderr, "Convex Counter-Clockwise\n") ;
exit ( 0); break;
case ConvexCW: fprintf( stderr, "Convex Clockwise\n");
exit( 0); break;



1.2 Testing the Convexity of a Polygon ¢ 13

¢  Optimizations <

The previous code was chosen for its conciseness and readability. Other versions of the
code were written which accept a vertex count and pointer to an array of vertices. Given
this interface, it is possible to obtain good performance measurements by timing a large
number of calls to the polygon classification routine.

Variations of the code presented have resulted in a two to four times performance
increase, depending on the polygon shape. Optimizations for a particular machine or
programming language will undoubtedly produce different results. Some considerations
are:

o Convert each of the routines to macro definitions.

o Instead of keeping track of the first, second, and third points, keep track of the
previous delta (second — first), and a current delta (third — second). This will
speed up parts of the algorithm: The macro Compare needs only compare two
numbers with zero, instead of four numbers with each other; the routine for getting
a different point calculates the delta as it determines if the new point is different;
the cross product calculation uses the deltas directly instead of subtracting vertices
each time; the comparison for the WhichSide routine may be moved up to the
CheckTriple routine to save a comparison at the expense of a little more code;
and preparing to examine the next point requires three moves instead of four.

e Checking for less than three vertices is possible, but generally slows down the other
cases.

e Every time the variable dirChanges is incremented, it would be possible to check
if the number is now greater than two. This will slow down the convex cases, but
makes it possible to exit early for polygons which violate classification condition
4. If it is important to distinguish between NotConvex and NotConvexDegenerate,
this optimization may not be used.

¢ Reasonably Optimized Routine to Classify a Polygon's Shape ¢

/*
. code omitted which reads polygon, stores in an array, and calls
classifyPolygon2 ()
*/
typedef double Number; /* float or double */
#define ConvexCompare (delta) \

( (deltal[0] > 0) ? -1 : /* x coord dAiff, second pt > first pt */\
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deltall] < 0) 2 1 /* x coord di

deltafl] > 0) 2 -1 : /* x coord same,
/* x coord same,

(
(
(deltafl] < 0) 2 1
0

ff, second pt < first pt */\

) /* second pt equals first point */

#define ConvexGetPointDelta({delta, pprev, pcu

/* Given a previous point 'pprev', read a new point into

/* and return delta in 'delta’.

pcur = pVert|iread++];
deltal[0] = pcur[0] - pprev[0];
deltall] = pcur[l] - pprev[ll:
#define ConvexCross(p, g} pl0] * g(l] - p[1]

#define ConvexCheckTriple

if ( (thisDhir = ConvexCompare(dcur)) == -
++dirChanges;

r )

curDir ) {

‘pcur' */

*/

/* The following line will optimize for polygons that are */

/* not convex because of classification condition 4,

*/

/* otherwise, this will only slow down the classification. */

/* if ( dirChanges > 2 ) return Not
}
curDir = thisDir;
cross = ConvexCross (dprev, dcur);
if ( cross > 0 ) { if ( angleSign == -1 )
angleSign = 1;
}
else if (cross < 0) { if (angleSign == 1)

angleSign = -1;

pSecond = pThird;
dprev([0] = dcurfO]; /* Remember ¢
dprev(l] = dcur([l];

classifyPolygon2 ( nvert, pvVert )
int
Number pVert[]I[2];

/* Determine polygon type. return one of:

{

*

*

*/

nvert;

NotConvex, NotConvexDegenerate,
ConvexCCW, ConvexCW, ConvexDegenerate

int curDir, thisDir, dirChanges = 0,
angleSign = 0, iread, endOfData;

Number *pSecond, *pThird, *pSaveSecond,

/* if ( nvert <= 0 ) return error;

/* Get different point, return if less than 3 diff points.

if ( nvert < 3 ) return ConvexDegenerate;
iread = 1;

while (1) {

ConvexGetPointDelta( dprev, pVert[0],

Convex;

return NotConvex;

return NotConvex;

urrent delta.

/* Remember ptr to current point.

dprev(2], dcur(2],

if you care */

pSecond ) ;

*/

*/

*/
*/

Cross;

second pt > first pt */\
second pt > first pt */\

P e s

P e S S S S A S e
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if ( dprevI[0] || dprev[l] ) break;
/* Check if out of points. Check here to avoid slowing down cases
* without repeated points.
*/
if ( iread >= nvert ) return ConvexDegenerate;

pSaveSecond = pSecond;
curDir = ConvexCompare (dprev); /* Find initial direction */

while ( iread < nvert ) {
/* Get different point, break if no more points */
ConvexGetPointDelta (dcur, pSecond, pThird );
if ( deur(0] == 0.0 && dcur([l] == 0.0 ) continue;

ConvexCheckTriple; /* Check current three points */
}

/* Must check for direction changes from last vertex back to first */
pThird = pVert [0]; /* Prepare for 'ConvexCheckTriple' */
decur (0] = pThird{0] - pSecond[0];
dcur[1l] = pThird({1l] - pSecond[l];
1f ( ConvexCompare({dcur) ) {

ConvexCheckTriple;
}

/* and check for direction changes back to second vertex */

dcur (0] = pSaveSecond[0] - pSecond[0];
dcur([1l] = pSaveSecond[l] - pSecond{1l];
ConvexCheckTriple; /* Don't care about 'pThird' now */

/* Decide on polygon type given accumulated status */
if ( dirChanges > 2 )
return angleSign ? NotConvex : NotConvexDegenerate;

if ( angleSign > 0 ) return ConvexCCW;
if { angleSign < 0 ) return ConvexCW;
return ConvexDegenerate;
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This algorithm can determine whether a given test point is inside of, or outside of,
a given polygon boundary composed of straight line segments. The algorithm is not
sensitive to whether the polygon is concave or convex or whether the polygon’s vertices
are presented in a clockwise or counterclockwise order. Extensions allow the algorithm
to handle polygons with holes and non-simple polygons. Only four bits of precision are
required for all of the incremental angle calculations.

¢ Introduction <

There are two commonly used algorithms for determining whether a given test point is
inside or outside of a polygon.

The first, the semi-infinite line technique, extends a semi-infinite line from the test
point outward, and counts the number of intersections of the edges of the polygon
boundary with the semi-infinite line. An odd number of intersections indicates the
point is inside the polygon, while an even number (including zero) indicates the point
is outside the polygon.

The second, the incremental angle technique, uses the angle of the vertices of the
polygon relative to the point being tested, where there is a total angle of 360 degrees
all the way around the point. For each vertex of the polygon, the difference angle (the
incremental angle) between the angle of that vertex of the polygon and the angle of the
next vertex of the polygon, as viewed from the test point, is added to a running sum.
If the final sum of the incremental angles is plus or minus 360 degrees, the polygon
surrounds the test point and the point is inside of the polygon. If the sum is O degrees,
the point is outside of the polygon.

What is less commonly known about the incremental angle technique is that only
four bits of precision are required for all of the incremental angle calculations, greatly
simplifying the necessary calculations. The angle value itself requires only two bits of
precision, lending itself to a quadrant technique where the quadrants are numbered
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from 0 to 3. The incremental or delta angle requires an additional sign bit to indicate
clockwise or counterclockwise direction, for a total of three bits to represent the incre-
mental angle itself. The accumulated angle requires four bits total: three to represent
the magnitude, ranging from 0 to 4, plus a sign bit.

The following algorithm describes a four-bit precision incremental angle point in poly-
gon test. Extensions for polygons with holes and for degenerate polygons are also described.

The algorithm described was inspired by the incremental angle surrounder test some-
times used for the Warnock hidden surface removal algorithm. That surrounder algo-
rithm determines if a polygon surrounds rectangular screen areas by partitioning the
space around the rectangular window using an eight neighbor partitioning technique
(Newman and Sproull 1973, pp. 520-521, 526-527), (Rogers 1985, pp. 249-251). If one
shrinks the central rectangular window of that partitioning scheme down to a point
(shrinking the rectangular partitions directly above and below and to the left and right
of the window down to lines), the partitioning becomes a quadrant style division of the
space around the point. This reduces the precision of angle calculations needed and
simplifies the algorithm to the point in polygon test presented here.

Further discussion and comparisons of point in polygon techniques can be found in
Eric Haines’ article in this volume (Haines 1994).

¢ Preliminaries ¢

For sake of completeness, before describing the algorithm, simple type definitions used
in the following code as well as a typical definition for a polygon representation are
given below.

/* type for quadrant id's, incremental angles, accumulated angle values */
typedef short quadrant_type;

/* type for result value from point in polygon test */
typedef enum pt_poly_relation {INSIDE, OUTSIDE} pt_poly relation;

/* polygon vertex definition */
typedef struct vertex_struct {
double x,y; /* coordinate values */
struct vertex_struct *next; /* circular singly linked list from poly */
} vertex, *vertex_ptr;

/* polygon definition */
typedef struct polygon_struct {
vertex_ptr last; /* pointer to end of circular vertex list */

} polygon, *polygon_ptr;
/* polygon vertex access */
#define polygon_get_vertex(poly, vertex) \

{((vertex == NULL) ? poly->last-»next : vertex-»next)

The quadrant and return result types are self-explanatory.
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Polygon vertices are regarded as structures that allow direct access of the X and Y
coordinate values in C via vertex—->x and vertex->y structure member dereferencing.

Polygons are treated here as objects that have a single access routine:
polygon_get_vertex(poly, vertex), where poly specifies a pointer to the polygon. If
vertex is NULL, the function will return a pointer to an arbitrary vertex of the polygon.
Otherwise, if vertex is a pointer to a given vertex of the polygon, the function will return
a pointer to the next vertex in the ordered circular list of vertices of the polygon. Given
the list representation of the polygons as described here, polygon vertices are regarded
as unique even if their coordinate values are not.

¢ The Algorithm <

The basic idea of the algorithm, as previously stated, is to accumulate the sum of the
incremental angles between the vertices of the polygon as viewed from the test point,
and then see if the angles add up to the logical equivalent of a full 360 degrees, meaning
the point is surrounded by the polygon.

The algorithm is presented here in four small pieces. First, a macro to determine
the quadrant angle of a polygon vertex is presented. Second, a macro to determine
x-intercepts of polygon edges is presented. Third, a macro to adjust the angle delta is
presented. Fourth, the main point in polygon test routine is presented.

First, the angle can be calculated using only two bits of precision with a simple
quadrant technique to determine the two-bit value of the angle, where x and y are the
coordinates of the test point (Figure 1).

/* determine the quadrant of a polygon point relative to the test point */
#define quadrant (vertex, X, y) \
( (vertex->x > x) ? {((vertex->y > vy) 2?2 0 : 3) : ( (vertex->y >y) 2 1 : 2) )

This classifies the space around the test point into four quadrants. Since the test
used to determine the quadrant uses greater-than operations, the quadrant boundaries,
shown as solid lines in the diagram, lie just above and to the right of the axes centered
on the coordinates of the test point, as shown with dotted lines in the figure.

In some situations it is important to determine whether the polygon edge passes to
the right of or to the left of the test point. This can be determined from the x-intercept
value of the polygon edge where it intersects the infinite horizontal line passing through
the y value of the test point. The x-intercept can be calculated with:

/* determine x-intercept of a polygon edge
with a horizontal line at the y value of the test point */

#define x_intercept(ptl, pt2, vyy) \
(pt2->x - { (pt2->y - yy) * ((ptl-»>x - pt2->x) / (ptl->y - pt2->y)} ) )

It should be noted that this x-intercept code is not a general implementation as it
ignores division by zero, which occurs when the y coordinate difference is zero. The
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Figure 1. Quadrants.

implementation is adequate for our purposes here, however, as it will never be called
under this condition.

The incremental angle itself is calculated simply by subtracting the quadrant value
(angle) of one polygon vertex from the quadrant value of the next vertex. There are
a few problems with this approach that must be fixed. First, because of the quadrant
numbering scheme, incremental angles that cross between quadrant 0 and quadrant 3
have values of 3 instead of the proper value of 1 and the signs are also reversed. This
can be fixed with a simple substitution of values. Second, an incremental angle that
passes from a given quadrant to the diagonal quadrant will have its sign reversed if it
passes to the right of the test point. This must be tested for by checking the x-intercept
of any delta which has a value of plus or minus 2. If it passes to the right of the test
point, its sign is reversed and thus must be adjusted. These adjustments are illustrated
in Figure 2 and the code below. Only one of the two sets of diagonals is shown in the
diagram.

#define adjust_delta(delta, vertex, next_vertex, XX, VYy)
switch (delta) {
/* make quadrant deltas wrap around */
case 3: delta = -1; break;
case -3: delta = 1; break;

/* check if went around polnt cw or ccw */
case 2: case -2: if (x_intercept (vertex, next_vertex, yy) > XX)
delta = - (delta);
break;

P G
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Figure 2.  Adjusting delta.

A side effect of the quadrant numbering scheme is that, when adjusted, the sign of
the delta value indicates whether the angle moves in a clockwise or counterclockwise
direction, depending on the orientation of the coordinate axis being used. The sign of
the final accumulated angle therefore also indicates the orientation of the polygon.

With these support macros and definitions out of the way, the point in polygon
algorithm itself becomes simple.

In its initialization section, the algorithm prepares for traversal of the polygon points
by finding the first vertex and calculating its angle from the test point, and zeroing the
running sum angle. Then the algorithm loops on all of the other points (vertices) in the
polygon. During the loop, the next vertex is found, its angle calculated, and the delta
angle is calculated. The delta is then adjusted as necessary and added to the running
sum. The loop then prepares for the next iteration. When all the points of the polygon
have been seen and the loop terminated, the value of the running sum is checked. If it
is equal to plus or minus 4, the angle covers a full 360 degrees and the point is inside
of the polygon boundary. Otherwise the angle value is 0 and the test point is outside of
the boundary of the polygon.

If the test point is actually on the polygon boundary itself, the result returned by the
algorithm could be inside or outside depending on whether the actual interior of the
polygon was to the right or left of the test point.

It is interesting to compare this incremental angle approach with the semi-infinite
line approach. When examined closely, operation by operation, the incremental angle
algorithm presented here is very similar to the semi-infinite line technique. In general,



1.3 An Incremental Angle Point in Polygon Test < 21

the incremental angle method takes a constant amount of time per vertex regardless of
axis crossings of the polygon edges (the exception is when the vertices of the polygon
edge are in diagonal quadrants, which takes the same amount of time for both ap-
proaches). The semi-infinite line technique performs more operations when its preferred
axis is crossed, and fewer operations when the other axis is crossed. To put it a dif-
ferent way, the semi-infinite line technique has both deeper and shallower code branch
alternatives than the incremental angle technique presented depending on whether its
preferred axis is crossed or not. Because of this variable behavior, worst case scenarios
can be constructed to make either algorithm perform better than the other.

Performance comparisons done by Haines (Haines 1994) give statistics that show the
incremental angle technique presented here to be slower than the semi-infinite line tech-
nique. Some of this performance difference will be reduced if the C compiler performs
case statement optimizations which utilize indexed jump tables.

/* determine if a test point is inside of or outside of a polygon */
/* polygon is "poly", test point is at "x","y" */
pt_poly_relation
point_in_poly (polygon_ptr poly, double x, double y)
{
vertex_ptr vertex, first_vertex, next_vertex;
quadrant_type quad, next_guad, delta, angle;

/* initialize */
vertex = NULL; /* because polygon_get_vertex is a macro */
vertex = first_vertex = polygon_get_vertex(poly,vertex);
quad = qguadrant (vertex, X, y);:
angle = 0;
/* loop on all vertices of polygon */
do {
next_vertex = polygon_get_vertex(poly,vertex);
/* calculate gquadrant and delta from last quadrant */
next_guad = quadrant (next_vertex, x, y);
delta = next_quad - quad;
adjust_delta(delta,vertex,next_vertex,x,y);
/* add delta to total angle sum */
angle = angle + delta;
/* increment for next step */
quad = next_quad;
vertex = next_vertex;
} while (vertex != first_vertex);

/* complete 360 degrees (angle of + 4 or -4 ) means inside */
if ((angle == +4) || (angle == -4)) return INSIDE; else return OUTSIDE;
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¢ Extension for Polygons with Holes <

In order to determine whether a test point is inside of or outside of a polygon which has
holes, the point in polygon test needs to be applied separately to each of the polygon’s
boundaries. It is preferable to start with the outermost boundary of the polygon, since
the polygon’s area is in most applications likely to be smaller than the total area in which
the test point might lie. If the test point is outside of this polygon boundary, then it is
outside of the entire polygon. If it is inside, then each hole boundary needs to be checked.
If the test point is inside any of the hole boundaries, then the test point is outside of the
entire polygon and checking can stop immediately. If the test point is outside of every
hole boundary (as well as being inside the outermost boundary), then the point is inside
of the polygon. Note that because the point in polygon test presented is insensitive to
whether the polygon boundaries are clockwise or counterclockwise, both the outermost
polygon boundary and the hole boundaries may be of any orientation. For polygons
with holes, however, the algorithm must be told which boundary is the outermost
boundary (some polygon representations encode this information in the orientation of
the boundaries).

& Extensions for Non-Simple Polygons <

Non-simple polygons (polygons which self-intersect, with boundaries which touch, cross,
or overlap themselves) are handled by the algorithm with minor modifications to the
final test of the accumulated angle. The final angle value test:

if (({angle == +4) || (angle == -4)) return INSIDE; else return OUTSIDE;

must be modified to handle non-simple polygons properly in all cases. Two different
rules are commonly used to determine the interior of non-simple polygons (there are
also others, but they are less common because their implementations are more difficult).
Both rules allow the non-simple polygon to completely surround the point an arbitrary
number of times.

With the first rule, the odd winding number rule, if the number of surroundings is
odd, then the point is inside. An even number indicates the point is outside the polygon.
The code for this is:

if (angle & 4) return INSIDE; else return OUTSIDE; /* odd number windings rule */

where an odd number of surroundings means that the 4-bit in the angle value will be
set since a valid angle value, unless it is 0, will be a multiple of 4.

The second rule, the non-zero winding number rule, accepts any number of surround-
ings to mean the point is in the interior of the polygon. With this rule, the final angle
value test becomes:

if (angle != 0) return INSIDE; else return OUTSIDE; /* non-zero winding rule */
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Of course, the accumulated angle value can no longer be contained within a four-bit
number under these conditions, but this characteristic is probably little more than a
curiosity anyway, except for its original effect of reducing angle calculations to simple
quadrant testing.
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Testing whether a point is inside a polygon is a basic operation in computer graphics.
This Gem presents a variety of efficient algorithms. No single algorithm is the best in
all categories, so the capabilities of the better algorithms are compared and contrasted.
The variables examined are the different types of polygons, the amount of memory
used, and the preprocessing costs. Code is included in this article for several of the best
algorithms; the Gems IV distribution includes code for all the algorithms discussed.

¢ Introduction <

The motivation behind this Gem is to provide practical algorithms that are simple to
implement and are fast for typical polygons. In applied computer graphics we usually
want to check a point against a large number of triangles and quadrilaterals and occa-
sionally test complex polygons. When dealing with floating-point operations on these
polygons we do not care if a test point exactly on an edge is classified as being inside
or outside, since these cases are normally extremely rare.

In contrast, the field of computational geometry has a strong focus on the order of
complexity of an algorithm for all polygons, including pathological cases that are rarely
encountered in real applications. The order of complexity for an algorithm in compu-
tational geometry may be low, but there is usually a large constant of proportionality
or the algorithm itself is difficult to implement. Either of these conditions makes the
algorithm unfit for use. Nonetheless, some insights from computational geometry can be
applied to the testing of various sorts of polygons and can also shed light on connections
among seemingly different algorithms.

Readers that are only interested in the results should skip to the “Conclusions”
section.
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Figure 1. Jordan curve. Figure 2. Winding Figure 3. Bounding box.
number.

¢ Definitions <

In this Gem a polygon is defined by an ordered set of vertices which form edges making
a closed loop. The first and last vertices are connected by an edge, i.e., they are not
the same. More complex objects, such as polygons with holes for font lettering, can
be built from these polygons by applying the point in polygon test to each loop and
concatenating the results.

There are two main types of polygons we will consider in this Gem: general and
convex. If a number of points are to be tested against a polygon, it may be worthwhile
determining whether the polygon is convex at the start so you are able to use a faster
test. General polygons have no restrictions on the placement of vertices. Convex polygon
determination is discussed in another Gem in this volume (Schorn and Fisher 1994). If
you do not read this other Gem, at least note that a polygon with no concave angles is
not necessarily convex; a good counterexample is a star formed by five vertices.

One definition of whether a point is inside a region is the Jordan Curve Theorem,
also known as the parity or even-odd test. Essentially, it says that a point is inside a
polygon if, for any ray from this point, there is an odd number of crossings of the ray
with the polygon’s edges. This definition means that some areas enclosed by a polygon
are not considered inside (Figure 1).

If the entire area enclosed by the polygon is to be considered inside, then the winding
number is used for testing. This value is the number of times the polygon goes around
the point. In Figure 2 the darkly shaded areas have a winding number of two. Think
of the polygon as a loop of string pulled tight around a pencil point; the number of
loops around the point is the winding number. If a point is outside, the polygon does
not wind around it and so the winding number is zero. Winding numbers also have a
sign, which corresponds to the direction the edges wrap around the point. The winding
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number test can be converted to the parity test; an odd winding number is equivalent
to the parity test’s inside condition.

In ray tracing and other applications the original polygon is three-dimensional. To
simplify computation it is worthwhile to project the polygon and test point into two
dimensions. One way to do this is simply to ignore one coordinate. The best coordinate
to drop is the one that yields the largest area for the 2D polygon formed. This is easily
done by taking the absolute value of each coordinate of the polygon plane’s normal
and finding the largest; the corresponding coordinates are ignored (Glassner 1989).
Precomputing some or all of this information once for a polygon uses more memory but
increases the speed of the intersection test itself.

Point in polygon algorithms often benefit from having a bounding box around poly-
gons with many edges. The point is first tested against this box before the full polygon
test is performed; if the box is missed, so is the polygon (Figure 3). Most statistics
generated in this Gem assume this bounding box test was already passed successfully.

In ray tracing, (Worley and Haines 1993) points out that the polygon’s 3D bounding
box can be treated like a 2D bounding box by throwing away one coordinate, as done
above for polygons. By analysis of the operations involved, it can be shown to be more
profitable in general to first intersect the polygon’s plane and then test whether the
point is inside the 2D bounding box, rather than first testing the 3D bounding box and
then the plane. Other bounding box variants can be found in (Woo 1992).

¢ General Algorithms ¢

This section discusses the fastest algorithms for testing points against general polygons.
Three classes of algorithms are compared: those which use the vertex list as their only
data structure, those which do preprocessing and create an alternate form of the poly-
gon, and those which create additional efficiency structures. The advantages of a vertex
list algorithm is that no additional information or preprocessing is needed. However,
the other two types of algorithms offer faster testing times in many cases.

Crossings Test

The fastest algorithm without any preprocessing is the crossings test. The earliest pre-
sentation of this algorithm is (Shimrat 1962), though it has a bug in it, corrected by
(Hacker 1962). A ray is shot from the test point along an axis (+X is commonly used),
and the number of crossings is computed for the even-odd test (Figure 4). One way to
think about this algorithm is to consider the test point to be at the origin and to check
the edges against this point. If the Y coordinates of a polygon edge differ in sign, then
the edge can cross the test ray. In this case, if both X coordinates are positive, the edge
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Figure 4. Crossings test. Figure 5. Angle Figure 6. Triangle fan.
summation.

and ray must intersect and a crossing is recorded. Else, if the X signs differ, then the X
intersection of the edge and the ray is computed and if positive a crossing is recorded.

What happens when the test ray intersects one or more vertices of the polygon? This
problem can be ignored by considering the test ray to be a half-plane divider, with
one of the half-planes including the ray’s points (Preparata and Shamos 1985, Glassner
1989). In other words, whenever the ray would intersect a vertex, the vertex is always
classified as being infinitesimally above the ray. In this way, no vertices are considered
intersected and the code is both simpler and speedier.

MacMartin pointed out that for polygons with a large number of edges there are
generally runs of edges that have Y coordinates with the same sign (Haines 1992). For
example, a polygon representing Brazil might have a thousand edges, but only a few of
these will straddle a given latitude line and there are long runs of contiguous edges on
one side of this line. So a faster strategy is to loop through just the Y coordinates as
fast as possible; when they differ then retrieve and check the X coordinates.

Either the even-odd or winding number test can be used to classify the point. The
even-odd test is done by simply counting the number of crossings. The winding number
test is computed by keeping track of whether the crossed edge passes from the Y- to
the Y+ half-plane (add 1) or vice versa (subtract 1). The final value is then the number
of counterclockwise windings about the point.

The slowest algorithm for testing points is by far the pure angle summation method.
It’s simple to describe: sum the signed angles formed at the point by each edge’s end-
points (Figure 5). The winding number can then be computed by finding the nearest
multiple of 360 degrees. The problem with this pure scheme is that it involves a large
number of costly math function calls.

However, the idea of angle summation can be used to formulate a fast algorithm
for testing points; see Weiler’s Gem in this volume (Weiler 1994). There is a strong
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connection between Weiler’s algorithm and the crossings test. Weiler avoids expensive
trigonometry computations by adding or subtracting one or more increments of 90
degrees as the loop vertices move from quadrant to quadrant (with the test point at the
origin). The crossings test is similar in that it can be thought of as counting movements
of 360 degrees when an edge crosses the test ray. The crossings test tends to be faster
because it does not have to categorize and record all quadrant-to-quadrant movements
but only those which cross the test ray. Weiler’s formulation is significant for the way
it adds to the understanding of underlying principles.

Triangle Fan Tests

In Graphics Gems, (Badouei 1990) presents a method of testing points against convex
polygons. The polygon is treated as a fan of triangles emanating from one vertex and
the point is tested against each triangle by computing its barycentric coordinates. As
(Berlin 1985) points out, this test can also be used for non-convex polygons by keeping
a count of the number of triangles that overlap the point; if odd, the point is inside
the polygon (Figure 6). Unlike the convex test, where an intersection means that the
test is done, all the triangles must be tested against the point for the non-convex test.
Also, for the non-convex test there may be multiple barycentric coordinates for a given
point, since triangles can overlap.

The barycentric test is faster than the crossings test for triangles but becomes quite
slow for polygons with more edges. However, {Spackman 1993) notes that pre-normaliz-
ing the barycentric equations and storing a set of precomputed values gives better per-
formance. This version of the algorithm is twice as fast as the crossings test for triangles
and is in general faster for polygons with few edges. The barycentric coordinates (which
are useful for interpolation and texture mapping) are also computed.

A faster triangle fan tester, proposed by (Green 1993), is to store a set of half-plane
equations for each triangle and test each in turn. If the point is outside any of the three
edges, it is outside the triangle. The half-plane test is an old idea, but storing the half-
planes instead of deriving them on the fly from the vertices gives this scheme its speed
at the cost of some additional storage space. For triangles this scheme is the fastest of
all of the algorithms discussed so far. It is also very simple to code and so lends itself
to assembly language translation. Theoretically the Spackman test should usually have
a smaller average number of operations per test, but in practice the optimized code for
the half-plane test is faster.

Both the half-plane and Spackman triangle testers can be sped up further by sorting
the order of the edge tests. Worley and Haines (Spackman 1993) note that the half-
plane triangle test is more efficient if the longer edges are tested first. Larger edges tend
to cut off more exterior area of the polygon’s bounding box and so can result in earlier
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exit from testing a given triangle. Sorting in this way makes the test up to 1.7 times
faster, rising quickly with the number of edges in the polygon. However, polygons with
a large number of edges tend to bog down the sorted edge triangle algorithm, with the
crossings test being faster above around 10 edges.

A problem occurs in general triangle fan algorithms when the code assumes that a
point that lies on a triangle edge is always inside that triangle. For example, a quadri-
lateral is treated as two triangles. If a point is exactly on the edge between the two
triangles it will be classified as being inside both triangles and so will be classified as
being outside the polygon (this problem does not happen with the convex test).

The code presented for these algorithms does not fully address this problem. In reality,
a random point tested against a polygon has an infinitesimal chance of landing exactly
on any edge. For rendering purposes this problem can be ignored, with the result being
one misshaded pixel once in a great while. A more robust solution (which will slow
down the test) is to note whether an edge is to include the points exactly on it or not.
Also, an option which has not been explored is to test shared interior edges only once
against the point and share the results between the adjacent triangles.

Grid Method

An even faster, and more memory intensive, method of testing for points inside a poly-
gon is lookup grids. The idea is to impose a grid inside the bounding box containing
the polygon. Each grid cell is categorized as being fully inside, fully outside, or indeter-
minate. The indeterminate cells also have a list of edges that overlap the cell, and also
one corner (or more) is determined to be inside or outside.

To test a point against this structure is extremely quick in most cases. For a reasonable
polygon many of the cells are either inside or outside, so testing consists of a simple
look-up. If the cell contains edges, then a line segment is formed from the test point to
the cell corner and is tested against all edges in the list (Antonio 1992). Since the state
of the corner is known, the state of the test point can be found from the number of
intersections (Figure 7). Salesin and Stolfi suggest an algorithm similar to this as part
of their ray tracing acceleration technique (Salesin and Stolfi 1989).

Care must be taken when a polygon edge exactly (or even nearly exactly) crosses a
grid corner, as this corner is then unclassifiable. Rather than coping with the topological
and numerical precision problems involved, one simple solution is to just start generating
the grid from scratch again, giving slightly different dimensions to the bounding box.
Also, when testing the line segment against the edges in a list, exact intersections of an
edge endpoint must be counted only once.

One additional enhancement partially solves this problem. Each grid cell has four
sides. If no polygon edges cross a side, then that side will be fully inside or outside the
polygon. A horizontal or vertical test line segment can then be generated from the test
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point to this cell side and the faster crossings test can be used against the edges in the
cell. In addition, this crossings test deals with endpoint intersection more robustly.

Note: the grid test code is in the Gems IV code distribution, but has been left out of
the book because of its length.

Pixel Based Testing

One interesting case that is related to gridding is that of pixel-limited picking. When
a dataset is displayed on the screen and a large amount of picking is to be done on
a still image, a specialized test is worthwhile. Hanrahan and Haeberli note that the
image can be generated once into a separate buffer, filling in each polygon’s area with
an identifying index (Hanrahan and Haeberli 1990). When a pixel is picked on this fixed
image; it is looked up in this buffer and the polygon selected is known immediately.

¢ Convex Polygons <

Convex polygons can be intersected faster due to their geometric properties. For exam-
ple, the crossings test can quit as soon as two Y-sign difference edges are found, since
this is the maximum that a convex polygon can have. Also, note that more polygons
can use this faster crossings test by checking only the change in the Y direction (and
not X and Y as for the full convexity test); see (Schorn and Fisher 1994). For example,
a block letter “E” has at most two Y intersections for any test point’s horizontal line
(and so is called monotone in Y), so it can use the faster crossings test.
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The triangle fan tests can exit as soon as any triangle is found to contain the point.
These algorithms can be enhanced by both sorting the edges of each triangle by length
and also sorting the testing order of triangles by their areas. Relatively larger triangles
are more likely to enclose a point and so end testing earlier. Note that this faster test can
be applied to any polygon that is decomposed into non-overlapping triangles; convex
polygons always have this property when tessellated into a triangle fan.

The exterior algorithm prestores the half-plane for each polygon edge and tests the
point against this set. If the point is outside any edge, then the point must be outside the
entire convex polygon. This algorithm uses less additional storage than the triangle fan
and is very simple to code. The order of edges tested affects the speed of this algorithm;
testing edges in the order of which cuts off the most area of the bounding box earliest
on is the best ordering. Finding this optimal ordering is non-trivial, but doing the edges
in order is often the worst strategy, since each neighboring edge usually cuts off little
more area than the previous. Randomizing the order of the edges makes this algorithm
up to 10% faster overall for regular polygons.

The exterior algorithm looks for an early exit due to the point being outside the
polygon, while the triangle fan convex test looks for one due to the point being inside.
For example, for 100 edge polygons, if all points tested are inside the polygon the
triangle fan is 1.7 times faster; if all test points are outside the exterior test is more
than 16 times faster (but only 4 times faster if the edges are not randomized). So when
the polygon/bounding box area ratio is low the exterior algorithm is usually best; in
fact, performance is near constant time as this ratio decreases, since after only a few
edges most points are categorized as outside the polygon.

A hybrid of the exterior algorithm and the triangle fan is to test triangles and exit
early when the point is outside the polygon. A point is outside the polygon if it is
outside any exterior triangle edge. This strategy combines the early exit features of
both algorithms and so it is less dependent on bounding box fit. Our code uses sorting
by triangle area instead of randomizing the exterior edge order, so it favors a higher
polygon/bounding box area ratio.

A method with O(log n) performance is the inclusion algorithm (Preparata and
Shamos 1985). The polygon is preprocessed by adding a central point to it and is then
divided into wedges. The angles from an anchor edge to each wedge’s edges are com-
puted and saved, along with half-plane equations for the polygon edges. When a point
is tested, the angle from the anchor edge is computed and a binary search is used to
determine the wedge it is in, and then the corresponding polygon edge is tested against
it (Figure 8). Note that this test can be used on any polygon that can be tessellated
into a non-overlapping star of triangles. This algorithm is slower for polygons with few
edges because the startup cost is high, but the binary search makes for a much faster
test when there are many edges. However, if the bounding box is much larger than the
polygon the exterior edge test is faster.
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¢ Statistics <

The timings given in Tables 1-3 were produced on an HP 720 RISC workstation; timings
had similar performance ratios on an IBM PC 386 with no FPU. The general non-convex
algorithms were tested using two sorts of polygons: those generated with random points
and regular (i.e., equal length sides and vertex angles) polygons with a random rotation
applied. Random polygons tend to be somewhat unlikely (no one ever uses 1000-edge
random polygons for anything except testing), while regular polygons are more orderly
than a “typical” polygon; normal behavior tends to be somewhere in between. Test
points were generated inside the bounding box for the polygon. Figute 9 shows a typical
10-sided random polygon and some test points. Convex algorithms were tested with only
regular polygons, and so have a certain bias to them.

Test points were generated inside the box bounding the polygon; looser fitting boxes
yield different results. Timings are in microseconds per polygon. They are given to two
significant figures, since their accuracy is roughly £10%. However, the best way to get
useful timings is to run the code on the target machine; there is a testbed program
provided in the Gems IV code distribution which can be used to try new algorithms
and generate timings under various test conditions. Also, of course, hacking the code
for a particular machine and compiler can make a significant difference.

¢ Discussion <

The crossings test is generally useful, but we can do better. Testing triangles using
either sorted triangle fan algorithm is more than twice as fast, though for polygons
with many edges the crossings test is still faster.

Given enough resolution (and enough memory!), gridding gives near constant time
performance for most normal polygons, though it performs a bit slower when entirely
random polygons are tested. Interestingly, even for polygons with just a few edges the
gridding algorithm outperforms most of the other tests.

Testing times can be noticeably decreased by using an algorithm optimized for convex
testing when possible. For example, the convex sorted half-plane test is 1.4 times faster
for 10-sided polygons than its general case counterpart. For convex polygons with many
edges the inclusion test is extremely efficient because of its O(log n) behavior.

Other algorithms remain to be discovered and tested; for example, a practical general
polygon algorithm with better than O(n) performance and low storage costs would fill
a useful niche.
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Table 1.  General Algorithms, Random Polygons
Algorithm Number of edges per polygon

3 4 10 20 50 100 1000
Crossings 28 | 3.1 5.7 10 25 48 470
Half Plane w/edge sort | 1.1 | 1.7 | 5.7 12 32 65 650
Half Plane, no sort 1.2 | 20 | 6.3 14 36 72 740
Spackman w/edge sort | 1.3 | 2.1 6.0 13 32 66 670
Spackman, no sort 1.4 ] 2.2 6.4 14 35 70 720
Barycentric 24 | 4.0 13 29 76 150 1600
Weiler angle 3.7 1 43| 87 16 39 77 760
Trigonometric angle 42 51 | 110 | 210 | 520 | 1030 | 10300
Grid (100x100) 1.8 (19| 1.9} 1.9 | 22 2.5 9.2
Grid (20x20) 20| 20| 22} 25| 36 5.5 38

Table 2.  General Algorithms, Regular Polygons
Algorithm Number of edges per polygon

3 4 10 20 50 100 1000
Crossings 26 | 2.7 4.3 7.2 16 32 300
Half Plane w/edge sort | 1.3 | 1.8 | 4.6 | 9.2 23 45 460
Half Plane, no sort 1.3 | 21 6.7 14 37 74 760
Spackman w/edge sort 1.5 | 2.1 5.4 10 26 51 510
Spackman, no sort 1.5 | 2.3 5.8 11 28 55 550
Barycentric 25 | 4.2 13 26 68 140 1400
Weiler angle 3.5 | 40 7.9 15 35 70 690
Trigonometric angle 39 51 | 120 | 230 | 560 | 1200 | 11100
Grid (100x100) 18 (18] 1.8 | 1.8 | 1.8 1.8 1.9
Grid (20x20) 20 (20| 20| 204 20 2.1 2.8

Table 3.  Convex Algorithms, Regular Polygons
Algorithm Number of edges per polygon

3 4 10 20 50 100 1000
Inclusion 55| 57|63 }66 |71 7.6 9.9
Hybrid Sorted Half Plane | 1.3 | 1.6 | 3.3 | 6.1 14 28 280
Sorted Half Plane 1.2 | 1.6 | 3.4 | 6.2 15 29 280
Unsorted Half Plane 1.2 | 1.9 | 5.7 12 30 61 620
Random Exterior Edges 1.3 | 1.7 |38 | 7.1 17 33 320
Ordered Exterior Edges 1.3 17| 38| 73 18 35 350
Convex Crossings 25 | 25| 36| 56 12 22 220
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¢ Conclusions <

e If no preprocessing nor extra storage is available, use the Crossings test.
e If a little preprocessing and extra storage is available:

— For general polygons

* with few sides, use the Half-Plane or Spackman test.
* with many sides, use the Crossings test.

— For convex polygons

* with few sides, use the Hybrid Half-Plane test.
* with many sides, use the Inclusion test.

* But if the bounding box/polygon area ratio is high, use the Exterior
Edges test.

e If preprocessing and extra storage is available in abundance, use the Grid Test
(except for perhaps triangles).

Of course, some of these conclusions may vary with machine architecture and compiler
optimization.

& CCode ¢

ptinpoly.h

/* ptinpoly.h - point in polygon inside/outside algorithms header file.
*/

/* Define CONVEX to compile for testing only convex polygons (when possible,
* this is faster). */
/* #define CONVEX */

/* Define HYBRID to compile triangle fan test for CONVEX with exterior edges
* meaning an early exit (faster - recommended) .

*/

/* #define HYBRID */

/* Define DISPLAY to display test triangle and test points on screen. */
/* #define DISPLAY */

/* Define RANDOM to randomize order of edges for exterior test (faster -
* recommended). */

/* #define RANDOM */

/* Define SORT to sort triangle edges and areas for half-plane and Spackman
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* tests (faster - recommended). */
/* #define SORT */

/* Define WINDING if a non-zero winding number should be used as the criterion
* for being inside the polygon. Only used by the general crossings test and
* Weiler test. The winding number computed for each is the number of
* counterclockwise loops the polygon makes around the point.

*/
/* #define WINDING */

/* Define your own random number generator; change as needed. */
/* SRAN initializes random number generator, if needed. */

#define SRAN() srand48(1)
/* RANO1l returns a double from [0..1) */
#define RANO1 () drand48 ()

double drand48() ;

typedef struct {

double VX, Vy, C ; /* edge equation vx*X + vy*Y + ¢ = 0 */
#ifdef CONVEX
#ifdef HYBRID

int ext_flag ; /* TRUE == exterior edge of polygon */
#endif
#endif
} PlaneSet, *pPlaneSet ;

#ifdef CONVEX
#ifdef SORT
/* Size sorting structure for half-planes */
typedef struct {
double size ;
pPlaneSet ppSs
} SizePlanePair, *pSizePlanePair ;
#endif
#endif

#ifdef CONVEX

pPlaneSet ExteriorSetup{() ;
void ExteriorCleanup()
#ifdef SORT

int CompareSizePlanePairs() ;
#endif

#endif

pPlaneSet PlaneSetup () ;

void PlaneCleanup () ;
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ptinpoly.c
/* ptinpoly.c - point in polygon inside/outside code.
by Eric Haines, 3D/Eye Inc, erich@eye.com

This code contains the following algorithms:
crossings - count the crossing made by a ray from the test point
half-plane testing - test triangle fan using half-space planes
exterior test - for convex polygons, check exterior of polygon

*/

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include "ptinpoly.h"

#define X 0
#define v 1
#define TRUE 1

#ifndef HUGE
#define HUGE 1.79769313486232e+308

#endif
#define MALLOC_CHECK( a ) if ( ta) ) |
fprintf( stderr, "out of memory\n" ) ; \
exit (1) ; \
}
/* z==z=z=z=== (Crossings algorithm ==========sr==-c-zs==========c-========z======= */

/* Shoot a test ray along +X axis. The strategy, from MacMartin, is to
* compare vertex Y values to the testing point's Y and quickly discard
* edges which are entirely to one side of the test ray.

* Input 2D polygon _pgon_ with _numverts_ number of vertices and test point
* _point_, returns 1 if inside, 0 if outside. WINDING and CONVEX can be
* defined for this test.
*/
int CrossingsTest{ pgon, numverts, point )
double pgon(][2] ;
int numverts ;
double point(2] ;
{
#1ifdef WINDING

register int crossings ;
#endif
register int j, yflag0, yflagl, inside_flag, xflag0 ;

register double ty, tx, *vtx0, *vtxl ;
#ifdef CONVEX



register int line_flag ;
#endif
tx = point [X]
ty = point[Y]
vtx0 = pgon[numverts-1] ;
/* get test bit for above/below X axis */
yvilag0 = ( vtx0[Y] »= ty }
vtxl = pgon([0] ;
#ifdef WINDING
crosgings = 0
#else
inside_flag = ;
#endif
#ifdef CONVEX
line_flag = 0
#endif
for ( 3§ = numverts+l ; --3 ; ) {
vflagl = ( vtx1l[Y] »= ty ) ;
/* check if endpoints straddle (are on opposite sides) of X axis
* (i.e., the Y's differ); if so, +X ray could intersect this edge.
*/
if ( yflag0 != yflagl ) {
xflagld = ( vtx0([(X] »= tx ) ;
/* check if endpoints are on same side of the Y axis (i.e., X's
* are the same); if so, it's easy to test if edge hits or misses.
*/
if ( xflag0 == ( vtx1[X] »>= tx ) ) {
/* if edge's X values both right of the point, must hit */
#ifdef WINDING
if ( xflag0D ) crossings += ( yflag0 ? -1 : 1) ;
telse
if ( xflag0 ) inside_flag = !inside_£flag ;
#endif
} else {
/* compute intersection of pgon segment with +X ray, note
* if »= point's X; if so, the ray hits it.
*/
if ( (vex1[X] - (vtxl[Y]-ty}*
( vEx0[X]-vEx1[X])/ (vEx0[Y]-vEx1[Y])) >= tx ) {
#ifdef WINDING
crossings += ( yflag0 ? -1 : 1 ) ;
#else
inside_flag = !inside_£flag ;
#endif
}
}
#ifdef CONVEX

1.4 Point in Polygon Strategies

/* if this is second edge hit,

then done testing */

37
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if ( line_flag ) goto Exit ;

/* Note that one edge has been hit by the ray's line. */
line_flag = TRUE ;
#endif

/* Move to next pair of vertices, retaining info as possible. */
yflag0 = yflagl ;
vex0 = vtxl ;
vexl += 2 ;
}
#ifdef CONVEX
Exit: ;
#endif
#ifdef WINDING
/* Test i1f crossings is not zero. */
inside_flag = (crossings != 0) ;
#endif

return( inside_flag ) ;

/* Split the polygon into a fan of triangles and for each triangle test if
the point is inside of the three half-planes formed by the triangle's edges.

* % X

Call setup with 2D polygon _pgon_ with _numverts_ number of vertices,
which returns a pointer to a plane set array.

Call testing procedure with a pointer to this array, _numverts_, and
test point _point_, returns 1 if inside, 0 if outside.

Call cleanup with pointer to plane set array to free space.

* X *

*

*
* SORT and CONVEX can be defined for this test.
*/

/* Split polygons along set of x axes - call preprocess once. */

pPlaneSet PlaneSetup( pgon, numverts )
double pgon[][2] ;

int numverts ;

{

int i, pl, p2 ;

double tx, ty, vx0, vy0 ;

pPlaneSet pps, pps_return ;

#ifdef SORT
double 1len[3], len_temp ;

int J o

PlaneSet ps_temp ;
#ifdef CONVEX

pPlaneSet pps_new ;

pSizePlanePair p_size_pair ;



#endif
#endif

pps
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= pps_return =

(pPlaneSet)malloc( 3 * (numverts-2) * sizeof( PlaneSet })

MALLOC_CHECK( pps )

#ifdef
#ifdef

CONVEX
SORT

p_size_pair
(pSizePlanePairimalloc( (numverts-2) * sizeof(
MALLOC_CHECK (

#endif
#endif

vx0
vy0

for

#ifdetf

#ifdef
#ifdef

#tendif

#endif
#endif

#ifdef

#endif
#ifdef
#ifdef

#endif
#endif

p_size_pair ) ;

= pgon(0] | ] ;

= pgon[0][ :

(pl =1, p2 = 2 ; p2 < numverts ; pl++, pP2++
pps->vx = vy0 - pgon[pl][Y] ;

pps->vy = pgon[pl]{X] - vx0 ;

pps->c = pps->vx * vx0 + pps->vy * vy0 ;

SORT

len[0]) = pps->VX * ppsS->VX + PPS->Vy * pps->Vy
CONVEX

HYBRID

pps->ext_flag = ( pl == 1 ) ;

/* Sort triangles by areas, so compute (twice)

p_size_pair([pl-1
p_size_pair(pl-1

pps++
pPpsS->VX
Dps->vy
pps->C =
SORT

len[1l] =

CONVEX
HYBRID

SizePlanePair

{

i

the area here.

].pps = pps ;

].size =

( pgon[0] (X] * pgon[pl][Y] ) +

( pgon[pl] [X] * pgon[p2][Y] )

( pgon[p2] [X] * pgon[0] (Y] ) -

( pgon[pl] {X] * pgon[0][Y] ) -

( pgon[p2}{X] * pgon(pl][Y] )

( pgon[0] [X] * pgon[p2]([Y] ) ;
pgon([pl] [Y] - pgon{p2]{ H
pgon[p2] [X] - pgon(pl ][ ] ;

pps->vxX * pgon[pll [X] + pps->vy * pgon(pl]{Y] ;

pPpsS->vX * ppS->VX + PPS->Vy * pps->vy

pps~->ext_flag = TRUE ;

pps++
pps->vx

pps~>vy

pgon([p2] [¥Y] - vy0 ;
vx0 - pgon[p2][X] ;

’

7

)

*/
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pps->C = pps->vx * pgon([p2] [X] + pps->vy * pgon[p2][Y] ;
#1fdef SORT
len[2] = pps->vx * pps->vX + DPpsS->Vvy * ppsS->Vy ;
#endif
#ifdef CONVEX
#ifdef HYBRID
pps->ext_flag = ( p2 == numverts-1 ) ;
#endif
#endif

/* Find an average point that must be inside of the triangle. */
tx = { vx0 + pgon(pl] [X] + pgon(p2](X] ) / 3.0 ;
ty = ( vy0 + pgon[pll (Y] + pgon[p2]{Y] ) / 3.0 ;

/* Check sense and reverse if test point is not thought to be inside
* first triangle.
*/
if ( pps->Vx * tX + pps->Vy * ty >= pps->c ) |

/* back up to start of plane set */

pps -= 2 ;

/* Point is thought to be outside, so reverse sense of edge

* normals so that it is correctly considered inside.

*/
for (i =0 ; 1 < 3 ; i++ ) {
pPpsS->vxX = -pPpPS->VX ;
pPps->vy = -pPPS->Vy ;
pps-»>C = -pps->C ;
pps++ ;
}
} else {
pps++

#ifdef SORT
/* Sort the planes based on the edge lengths. */

pps -= 3 ;
for (1 =0 ; 1 < 2 ; i++ ) {
for ( j = i+l ; j < 3 ; d++ ) {
if ( len[i] < len(3j]l ) {

ps_temp = ppsli] ;
ppsli] = pps(ji] ;
ppsli} = ps_temp ;
len_temp = len[i] ;
len{i] = len[j] ;
lenl[j]l = len_temp ;

}
pps += 3 ;
#endif
}

#ifdef CONVEX
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#ifdef SORT
/* Sort the triangles based on their areas. */
gsort{ p_size_pair, numvertg-2,
sizeof( SizePlanePair ), CompareSizePlanePairs ) ;

/* Make the plane sets match the sorted order. */
for (1 = 0, pps = pps_return

; 1 < numverts-2

;oi++ ) |

pps_new = p_size_pair(i].pps ;

for { J =0 ; J < 3 ; J++, pps++, pps_new++ ) {
ps_temp = *pps ;
*pps = *pps_new ;
*pps.new = ps_temp ;

}

free( p_size_pair ) ;
#endif
#endif

return{ pps_return ) ;

#ifdef CONVEX

#ifdef SORT

int CompareSizePlanePairs{ p_sp0, p_spl )
pSizePlanePair p_sp0, p_spl ;

{

if ( p_spO-»size == p_spl-»size ) {
return( 0 ) ;
} else {

return{ p_spO->size > p_spl-»size ? -1 : 1 ) ;

}
#endif
#endif

/* Check point for inside of three "planes" formed by triangle edges. */
int PlaneTest ( p_plane_set, numverts, point )

pPlaneSet p_plane_set ;

int numverts ;

double point(2] ;

{

register pPlaneSet s
register int P2 ;

#ifndef CONVEX

register int inside_flag ;
tendif

register double tx, ty ;

tx = point[X] ;

o

41



42 < Polygons and Polyhedra

ty = point([Y] ;

#ifndef CONVEX
inside_flag = 0 ;
#endif

for ( ps = p_plane_set, p2 = numverts-1 ; --p2 ; ) {

if ( ps->vX * tx + ps->Vvy * ty < ps->c ) {
ps++
if ( ps->Vx * tX + ps->vy * ty < ps->c } {
pS++
/* Note: we make the third edge have a slightly different
* equality condition, since this third edge is in fact
* the next triangle's first edge. ©Not fool-proof, but
* it doesn't hurt (better would be to keep track of the
* triangle's area sign so we would know which kind of

* triangle this is). Note that edge sorting nullifies
* this special inequality, too.
*/

if ( ps->VvxX * tX + ps->vy * ty <= ps->c ) {
/* point is inside polygon */
#ifdef CONVEX
return( 1 ) ;
#else
inside_flag = !'inside_flag ;
#endif

#ifdef CONVEX
#ifdef HYBRID
/* check if outside exterior edge */
else if ( ps->ext_flag ) return( 0 ) ;
#endif
#endif
pS++
} else {
#ifdef CONVEX
#ifdef HYBRID
/* check if cutside exterior edge */
if ( ps-»ext_flag )} return( 0 ) ;
#endif
#endif
/* get past last two plane tests */
ps += 2 ;
}
} else {
#ifdef CONVEX
#ifdef HYBRID
/* check if outside exterior edge */
if ( ps-»ext_flag ) return( 0 } ;
#endif
#endif
/* get past all three plane tests */
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ps += 3 ;

#i1fdef CONVEX
/* for convex, if we make it to here, all triangles were missed */
return( 0 ) ;

#else
return( inside_flag ) ;

#endif

}

void PlaneCleanup( p_plane_set )
pPlaneSet p_plane_set ;
{

free( p_plane_set ) ;

/* ======= Exterior (convex only) algorithm =z=====z=z=========z=zz===z==z=z======= */

/* Test the edges of the convex polygon against the point. If the point is
* outside any edge, the point is outside the polygon.

* Call setup with 2D polygon _pgon_ with _numverts_ number of vertices,
* which returns a pointer to a plane set array.

* Call testing procedure with a pointer to this array, _numverts_, and
* test point _point_, returns 1 if inside, 0 if outside.

* Call cleanup with pointer tco plane set array to free space.

* RANDOM can be defined for this test.
* CONVEX must be defined for this test; it is not usable for general polygons.

#ifdef CONVEX

/* make exterior plane set */

pPlaneSet ExteriorSetup( pgon, numverts )
double pgonf{li{2] ;

int numverts ;

{

int pl, p2, flip_edge ;
pPlaneSet pps, pps_return ;
#ifdef RANDOM

int i, ind ;

PlaneSet ps_temp ;

#endif

pPps = pps_return =
(pPlaneSet)malloc{ numverts * sizeof( PlaneSet )) ;
MALLOC_CHECK( pps ) ;

/* take cross product of vertex to find handedness */
flip_edge = (pgon[0]([X] - pgon[l](X]) * (pgon[l]{Y] - pgon[2][Y] ) >
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(pgon[0] (Y] - pgon[l]([Y¥]) * (pgonl[l]l[X] - pgon[2][X] ) ;

/* Generate half-plane boundary equations now for faster testing later.
* yx & vy are the edge's normal, ¢ is the offset from the origin.
*/
for ( pl = numverts-1, p2 = 0 ; p2 < numverts ; pl = p2, p2++, DPPS++ ) {
pps->vx = pgon([pl] [Y] pgon[p2] [Y] ;
pps->vy = pgon[p2][X] - pgon(pl][X] ;
pps->c = pps->vx * pgon[pl] [X] + pps->vy * pgon[pl] (Y] ;

/* check sense and reverse plane edge if need be */
if ( flip_edge ) {

pPpPS->VX = -ppPS->VX ;
pPps->vy = -pps->Vy ;
pps->C = -pps->C ;

#ifdef RANDOM
/* Randomize the order of the edges to improve chance of early out. */
/* There are better orders, but the default order is the worst. */
for ( 1 = 0, pps = pps_return
; 1 < numverts

;oil++ ) {
ind = (int) (RANO1() * numverts ) ;
if ( ( ind < 0 ) Il ( ind »>= numverts ) ) {

fprintf{ stderr,

"vikes, the random number generator is returning values\n" ) ;
fprintf ( stderr,

"outside the range [0.0,1.0), so please fix the code!\n" ) ;
ind = 0 ;

/* swap edges */
ps_temp = *pps ;
*pps = pps_return(ind] ;
pps_return(ind] = ps_temp ;
}
#endif
return( pps_return ) ;

/* Check point for outside of all planes. */
/* Note that we don't need "pgon", since it's been processed into
* its corresponding PlaneSet.

*/

int ExteriorTest ( p_ext_set, numverts, point )
pPlaneSet p_ext_set ;

int numverts ;

double point[2] ;
{
register PlaneSet *pps
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register int pl ;
register double tx, ty ;
int inside_flag ;

tx
ty

point [X] ;
point [Y] ;

on

for ( p0 = numverts+1l, pps = p_ext_set ; --p0 ; pps++ ) {

/* Test 1f the point is outside this edge. */
if ( pps-»vx * tx + pps-»vy * ty > pps->c ) {
return( 0 ) ;
}
}
/* If we make it to here, we were inside all edges. */
return{ 1 ) ;

}

void ExteriorCleanup{ p_ext_set )
pPlaneSet p_ext_set ;
{
free( p_ext_set ) ;
}
#endif
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¢ Introduction <

This Gem gives a simple algorithm for the incremental construction of the Delaunay
triangulation (DT) and the Voronoi diagram (VD) of a set of points in the plane.
A triangulation is called Delaunay if it satisfies the empty circumcircle property: the
circumcircle of a triangle in the triangulation does not contain any input points in its
interior. DT is the straight-line dual of the Voronoi diagram of a point set, which is a
partition of the plane into polygonal cells, one for each point in the set, so that the cell
for point p consists of the region of the plane closer to p than to any other input point
(Preparata and Shamos 1985, Fortune 1992).

Delaunay triangulations and Voronoi diagrams, which can be constructed from
them, are a useful tool for efficiently solving many problems in computational geome-
try (Preparata and Shamos 1985). DT is optimal in several respects. For example, it
maximizes the minimum angle and minimizes the maximum circumcircle over all pos-
sible triangulations of the same point set (Fortune 1992). Thus, DT is an important
tool for high-quality mesh generation for finite elements (Bern and Eppstein 1992). It
should be noted, however, that standard DT doesn’t allow edges that must appear in
the triangulation to be specified in the input. Thus, in order to mesh general polygo-
nal regions the more complicated constrained DT should be used (Bern and Eppstein
1992).

The incremental DT algorithm given in this Gem was originally presented by Green
and Sibson (Green and Sibson 1978), but the implementation is based entirely on the
quad-edge data structure and the pseudocode from the excellent paper by Guibas and
Stolfi (Guibas and Stolfi 1985). I will briefly describe the data structures and the algo-
rithm, but the reader is referred to Guibas and Stolfi for more details.
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Figure 1. The quad-edge data structure.

¢ The Quad-Edge Data Structure <

The quad-edge data structure (Guibas and Stolfi 1985) was designed for representing
general subdivisions of orientable manifolds. It is similar to the winged-edge data struc-
ture (Baumgart 1975), but it simultaneously represents both the subdivision and its
dual. Each quad-edge record groups together four directed edges corresponding to a
single undirected edge in the subdivision and to its dual edge (Figure la). Each di-
rected edge has two pointers: a next pointer to the next counterclockwise edge around
its origin, and a data pointer to geometrical and other nontopological information (such
as the coordinates of its origin.)

Figures 1b and 1lc illustrate how three edges incident on the same vertex are repre-
sented using the quad-edge data structure: the vertex itself corresponds to the inner
cycle of pointers in Figure 1c. The remaining three cycles correspond to the three faces
meeting at the vertex.

Aside from a primitive to create an edge (MakeEdge), a single topological operator
Splice is defined that can be used to link disjoint edges together as well as to break
two linked edges apart. This operator is its own inverse and together with MakeEdge it
can be used to construct any subdivision.

{ The Incremental Algorithm ¢

The incremental DT algorithm starts with a triangle large enough to contain all of the
points in the input. Points are added into the triangulation one by one, maintaining
the invariant that the triangulation is Delaunay. Figure 2 illustrates the point insertion
process. First, the triangle containing the new point p is located (2a). New edges are
created to connect p to the vertices of the containing triangle (2b). The old edges of the
triangle are inspected to verify that they still satisfy the empty circumcircle condition.
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() 6

Figure 2. Inserting a point into the triangulation. Dashed lines indicate edges that need to be inspected
by the algorithm.
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Figure 3. The DT (left) and the VD (right) of 250 random points uniformly distributed in the unit square.

If the condition is satisfied (2¢) the edge remains unchanged. If it is violated (2d) the
offending edge is flipped, that is, replaced by the other diagonal of the surrounding
quadrilateral. In this case two more edges become candidates for inspection (edges a
and b in Figure 2e.) The process continues until no more candidates remain, resulting
in the triangulation shown in Figure 2f.

In the worst case the insertion of a point can require O(n) edges to be flipped.
However, in practice the average number of edges tested per insertion is small (< 9).
Guibas, Knuth, and Sharir have shown that if the insertion order is randomized, the
expected time is O(1) per insertion (Guibas et al. 1990).

Locating the containing triangle can be done in an optimal O(logn) time, but this
requires maintaining complicated data structures. Alternatively, the triangle can be
located by starting from an arbitrary place in the triangulation and moving in the
direction of p until the containing triangle is reached. This requires O(n) time, but if
the inserted points are uniformly distributed, the expected number of operations to
locate a point is only O(nl/ 2). A simple improvement is always to resume the search
from the triangle that was found last: in this way, when the points to be located are
near each other, the containing triangles are determined quickly.

Figure 3 shows the DT and the corresponding VD produced by this algorithm from
250 random points in the unit square. Note that because the quad-edge data structure
represents both the triangulation and its dual, the topology of the Voronoi diagram is
readily available from the DT constructed by the algorithm. To have a complete VD
one only needs to compute the circumcenters of all the triangles (i.e., the locations of
the Voronoi vertices).
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¢ Robustness <

In order to produce a practical implementation of a geometric algorithm, one typically
needs to address two problems: geometric degeneracies and numerical errors. For DT,
four or more cocircular points in the input constitute a geometric degeneracy, and the
resulting DT is not unique. In such a case this algorithm will produce one of the possible
triangulations as output.

Dealing with numerical errors is more difficult. Various applications in which the need
for DT or VD arises differ in the nature of their input and in their output accuracy
requirements. Therefore, it is very difficult to come up with a single efficient solution
to the problem. Karasick, Lieber, and Nackman suggest a solution that uses rational
arithmetic as well as survey other approaches (Karasick et al. 1991).

In this implementation all the computations are performed using standard floating-
point arithmetic. Epsilon tolerances are used to determine whether two points coincide
and whether a point falls on an edge. No other special measures to ensure robust-
ness were taken. Nevertheless, largely because of the simplicity of the algorithm, the
implementation has proven to be very robust.

O C++Code ¢

The code listed below is the C++ implementation of the quad-edge data structure and
the incremental Delaunay triangulation algorithm. In addition, the disk that comes
with this book contains code for 2D vectors, points, and lines, and a test program. This
program constructs and displays a triangulation, allowing the user to add more points
into the triangulation interactively by clicking a mouse button at the place of insertion.
The code should compile and execute on SGI graphics workstations.

#include <geom2d.h>
class Quadkdge;

class Edge {
friend Quadkdge;
friend void Splice(Edge*, Edge*);
private:
int num;
Edge *next;
Point2d *data;
public:
Edge () { data = 0; }
Edge* Rot ();
Edge* invRot () ;
Edge* Sym();
Edge* Onext () ;
Edge* Oprev() ;
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Edge* Dnext () ;
Edge* Dprev

(
(
Edge* Lnext (
(
(

B

)
)
)i
Edge* Lprev();

Edge* Rnext ()

Edge* Rprev ()

Point2d* Org();

Point2d* Dest (};

consgt Point2d& Org2d()} const;

const Point2d& Dest2d() const;

void EndPoints (Point2d*, Point2d*);

QuadEdge* Qedge() { return (QuadEdge *) (this - num); }

i

;

}s

class QuadEdge {
friend Edge *MakeEkEdge();
private:
Edge el4];
public:
QuadEdge () ;
}s

class Subdivision {
private:
Edge *startingEdge;
Edge *Locate{const Point2d&);
public:
Subdivision(const Point2d&, const Point2d&, const Point2d&);
void InsertSite({const Point2ds&);
vold Draw();
}:

inline QuadEdge: :QuadEdge ()
{

e[0].num = 0, el(l]l.num = 1, e[2].num = 2, e[3].num = 3;
e[0] .next = &(e[0]); e[l]l.next = &(e[3]);
e[2].next = &(e[2]); el[3].next = &{e{ll):

JEERERI I KKK AR KKK I AKX A ALK Edge Algebra hkkkkkhkkk kA k kKA hkkhhFAI KRRk XX hk ko h &Kk /

inline Edge* Edge::Rot ()}
// Return the dual of the current edge, directed from its right to its left.
{

return {num < 3) ? this + 1 : this - 3;

inline Edge* Edge::invRot ()
// Return the dual of the current edge, directed from its left to its right.
{

return (num > 0) ? this - 1 : this + 3;
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inline Edge* Edge::Sym()
// Return the edge from the destination to the origin of the current edge.

{

return (num < 2) ? this + 2 : this - 2;

inline Edge* Edge::Onext ()
// Return the next ccw edge around (from) the origin of the current edge.

{

return next;

inline Edge* Edge::Oprev ()
// Return the next cw edge around (from) the origin of the current edge.

{

return Rot ()->Onext ()->Rot ();

inline Edge* Edge::Dnext ()

// Return the next ccw edge around (into) the destination of the current edge.

{

return Sym()}->Onext ()->Sym{) ;

inline Edge* Edge::Dprev ()
// Return the next cw edge around (into) the destination of the current edge.

{

return invRot () ~>Onext ()->invRot () ;

inline Edge* Edge::Lnext ()
// Return the ccw edge around the left face following the current edge.

{

return invRot () ->Onext () ->Rot () ;

inline Edge* Edge::Lprev ()
// Return the ccw edge around the left face before the current edge.
{

return Onext ()} ->Sym();

inline Edge* Edge::Rnext ()
// Return the edge around the right face ccw following the current edge.
{

return Rot () ->»>Onext () ->invRot () ;

inline Edge* Edge::Rprev()
// Return the edge around the right face ccw before the current edge.
{

return Sym()->Onext () ;
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inline Point2d* Edge: :0rg{)
{
return data;

inline Point2d* Edge: :Dest ()
{

return Sym()->data;

inline const Point2d& Edge::0rg2d() const
{

return *data;

inline const Point2d& Edge::Dest2d() const
{
return {num < 2) ? *{({this + 2)->data) : *((this - 2)->data);

inline void Edge: :EndPoints (Point2d* or, Point2d* de)
{

data = or;

Sym()->data = de;

JRAEFKKK KKK KKK X A KKK KKK KN ** Bagic Topological Operators KKK KKK Kk Kk Kk ok Kk k kK ok k kK kK )

Edge* MakeEdge ()

{
QuadEdge *gl = new QuadEdge;
return gl->e;

void Splice(Edge* a, Edge* b)
// This operator affects the two edge rings around the origins of a and b
// and, independently, the two edge rings around the left faces of a and b.
// In each case, (i) if the two rings are distinct, Splice will combine
// them into one; (ii) if the two are the same ring, Splice will break it
// into two separate pieces.
// Thus, Splice can be used both to attach the two edges together and
// to break them apart. See Guibas and Stolfi (1985, p. 96) for more details
// and illustrations.
{

Edge* alpha = a->Onext()->Rot();

Edge* beta = b->Onext()->Rot{();

Edge* tl = b->Onext();
Edge* t2 = a->Onext();
Edge* t3 = beta->»Onext{();
Edge* t4 = alpha->Onext{);
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a-»next = tl;
b->»next = t2;
alpha-»next = t3;
beta->next = t4;

void DeleteEkdge (Edge* e)

{
Splice(e, e->Oprev());
splice({e->Sym(), e->Sym{()
delete e->Qedgel();

->0Oprev()});
}

Jr*Rxxxxxdkkkkx% Topological Operations for Delaunay Diagrams *****xxxxxkkkkxix/
:Subdivision(const Point2d& a, const Point2d& b,

// Initialize a subdivision to the triangle defined by the points a,

{

Subdivision: consgt Point2d& c)

b, c.

Point2d *da, *db, *dc;
da = new Point2d{(a), db =
Edge* ea = MakeEdge()
ea->EndPoints(da, db);
Edge* eb = MakeEdge()
Splice(ea->Sym(), eb};
eb->EndPoints (db, dc);
):
)i
)
)

new Point2d(b), dc = new Point2d(c);

i

Edge* ec = MakeEdge(
Splice(eb->Sym(), ec
ec->EndPoints (dc, da
Splice(ec->Sym(}, ea
startingkdge = ea;

h
7
i

i

Edge* Connect {Edge* a, Edge* b)
// Add a new edge e connecting the destination of a to the

// origin of b, in such a way that all three have the same
// left face after the connection is complete.
// Additionally, the data pointers of the new edge are set.
{

Edge* e = MakeEdgel();

Splice(e, a->Lnext()});

Splice(e->Sym(), b):;

e->EndPoints (a->Dest (), b->0rg());

return e;

void Swap (Edge* e)
// Essentially turns edge e counterclockwise inside its enclosing
// quadrilateral. The data pointers are modified accordingly.
{
Edge* a = e->Oprev();
Edge* b = e->Sym()->0prev();
Splice(e, a);

o 55
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Splice(e~->Sym{), b);

Splice(e, a->Lnext());
Splice(e->Sym(), b->Lnext());
e->EndPoints (a->Dest (), b->Dest());

[FEFFHFHRE R KXk X% Gaometric Predicates for Delaunay Diagrams *****x*skxkxkxixk/

inline Real TriArea(const Point2d& a, const Point2d& b, const Point2d& c)
// Returns twice the area of the oriented triangle (a, b, ¢), i.e., the
// area is positive if the triangle is oriented counterclockwise.

{

return (b.x - a.X)*(c.y - a.y) - (b.y - a.y)*(c.x - a.x);

int InCircle(const Point2d& a, const Point2d& b,
const Point2d& c, const Point2d& d)
// Returns TRUE if the point d is inside the circle defined by the
// points a, b, ¢. See Guibas and Stolfi (1985) p.107.
{

return (a.x*a.x + a.y*a.y) * TriArea(b, ¢, d) -
(b.x*b.X + b.y*b.y) * TriArea(a, c, d) +
(c.x*c.x + c.y*c.y) * TriArea(a, b, 4) -
(d.x*d.x + d.y*d.y) * TriArea(a, b, c) > 0;

int ccw(const Point2d& a, const Point2d& b, const Point2d& c)
// Returns TRUE if the points a, b, ¢ are in a counterclockwise order

{
return (TriArea(a, b, c¢) > 0);
int RightOf (const Point2d& x, Edge* e)

return ccw(x, e-»Dest2d(), e->0rg2d());

int LeftOf (const Point2d& x, Edge* e)

return ccw(x, e->0rg2d(), e->Dest2d());

int OnEdge{const Point2d& x, Edge* e)

// A predicate that determines if the point x is on the edge e.
// The point is considered on if it is in the EPS-neighborhood
// of the edge.

{
Real tl1, t2, t3;
tl = (x - e->0rg2d{()) .norm();
£t2 = {(x - e->Dest2d()).norm();
if (tl < EPS (| t2 < EPS)

return TRUE;
t3 = (e->0rg2d{) - e->»Dest2d()).norm();
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if (€1 > £3 |1 £2 > £3)
return FALSE;
Line line(e->0rg2d(), e->Dest2d());

return (fabs(line.eval(x)) < EPS);

}

Jrxkxxxxkkxsxx Ap Incremental Algorithm for the Construction of *xxxxrxxwkxsx/
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Edge* Subdivision::Locate(const Point2d& x)

// Returns an edge e, such that either x is on e, or e is an edge of
// a triangle containing x. The search starts from startingEdge

// and proceeds in the general direction of x. Based on the

// pseudocode in CGuibas and Stolfi (1985, p. 121).

{
Edge* e = startingEdge;

while (TRUE) {

if (x == e->0rg2d() |l x == e->Dest2d())
return e;
else if (RightOf(x, e))
e = e->8ym{);
else 1f (!RightOf{x, e-»0Onext(}))
e = e->Onext();
else if (!RightOf(x, e->Dprev()))
e = e->Dprev();
else
return e;

void Subdivision::InsertSite(const Point2d& x)
// Inserts a new point into a subdivision representing a Delaunay
// triangulation, and fixes the affected edges so that the result
// is still a Delaunay triangulation. This is based on the
// pseudocode from Guibas and Stolfi (1985, p. 120), with slight
// modifications and a bug fix.
{
Edge* e = Locate(x);
if ((x == e->0rg2d()) || (x == e->Dest2d())) // point is already in
return;
else if (OnEdge(x, e)) {
e = e->Oprev{);
DeleteEdge (e->0Onext () ) ;
}

// Connect the new point to the vertices of the containing
// triangle (or quadrilateral, if the new point fell on an
// existing edge).

Edge* base = MakeEdgel():;

base->EndPoints (e->0rg (), new Point2d(x));

Splice(base, e);

startingkdge = base;

&

57
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do {
base = Connect (e, base->Sym{));
e = base->Oprev();
} while (e-»Lnext () != startingkdge);
// Examine suspect edges to ensure that the Delaunay condition
// is satisfied.

do {
Edge* t = e->Oprev();
if (RightOf (t->Dest2d(), e) &&
InCircle(e->0rg2d(), t->Dest2d(), e->Dest2d(), x)) {
Swap(e) ;
e = e->0Oprev();
}
else if (e->Onext () == startingEdge) // no more suspect edges
return;
else // pop a suspect edge
e = e->Onext ()->Lprev();

} while (TRUE);
}

/*****************************************************************************/
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Building Vertex Normals from an
Unstructured Polygon List
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&  Abstract ¢

Many polygonal models are used as piecewise-flat approximations of curved models,
and are thus “smooth-shaded” when displayed. To apply Gouraud or Phong shading
to a model one needs to compute a surface normal at every vertex; often this simply
involves averaging the surface normal of each polygon sharing that vertex.

This Gem provides a general-purpose procedure that computes vertex normals from
any list of polygons. I assume that the polygons describe a simple manifold in 3D space,
so that every local neighborhood is a flat sheet. I also assume that the structure is a
mesh; that is, there are no “T” vertices, isolated vertices, or dangling edges. Except for
the addition of normals at the vertices, the input model is unchanged.

I infer the topology of the model by building a data structure that allows quick access
to all the polygons that have a vertex in the same region of space. To find the normal
for a selected vertex, one needs only search the region surrounding the vertex and then
average the normals for all polygons that share that vertex.

& Overview <

Polygons continue to be a popular primitive for approximating curved surfaces. To make
polygonal models look smooth we can use Gouraud or Phong shading, often supported
by hardware. Both of these techniques require a normal at each vertex of each polygon.

Typically a vertex normal is computed by combining the normals of all the poly-
gons that share that vertex. A number of different strategies for this computation are
presented in (Glassner 1990), but they all require that the polygons be identified first.
When the polygons are generated in a mesh, it is easy to find all the polygons that
share a vertex.

Some shape-generation programs are not so cooperative and instead generate poly-
gons according to a less organized scheme. The result is a big list of polygons, each
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identified by a list of explicit vertices. The trick then becomes finding which vertices
are held in common by which polygons.

This Gem presents a piece of code that will run through all the polygons, identify
shared vertices to infer the topology of the model, and average together the appropriate
polygons to build vertex normals. Two vertices are labeled identical if they have very
similar coordinates, to within a small tolerance.

I found it useful to provide a simple form of edge preservation for meshes, an idea
originally introduced by Gouraud (Foley et al. 1990). If two adjacent polygons are
sufficiently far from flat, then they are not averaged together at a common vertex.
The use of edge preservation and its tolerance are selectable by the client (the calling
routine).

The general idea is first to initialize the package, and then feed in a sequence of
polygons in any order. When all the polygons are in, call a routine to compute all the
normals. You then use the normals somehow (perhaps writing the resulting, augmented
polygons to a file), and then free up the memory the package allocated.

¢ The Algorithm <

The algorithm used here is very simple. A few data structures guide the way.

First is the Polygon, which contains explicit storage for each vertex and its normal,
and some bookkeeping information such as the polygon’s own normal, its number of
vertices, and so on.

The central organization comes from a hash table, which is made up of a linked list
of HashNode structures. Each of these structures represents one vertex; it points to the
polygon containing the vertex, identifies it by number, and provides its status, which
is one of waiting, working, or done (explained ahead).

Polygons are entered one by one into the database. The client passes in a pointer to
a list of vertices (an array of Point3 structures), which is then copied, so the client can
free or re-use that memory. When a polygon is entered, its normal is computed using
Newell’s method (Sutherland et al. 1974) (Tampieri 1992), and its vertices are inserted
into the hash table. Fach vertex is marked as waiting.

To compute normals, the system scans the list stored at each entry of the hash table
and identifies all the polygons that have a particular vertex in common (to within the
fuzz tolerance). The normals of all the participating polygons are averaged together and
stored with the associated vertices.

The test for equality uses a parameter called fuzz, to accomodate floating-point errors
when the model is made. If the Manhattan distance between two vertices doesn’t exceed
fuzz, then they are considered the same.

Note that if we identify (i.e., merge) two vertices that are nearby to be the same
then we might be tempted to use just one piece of storage to hold the vertex and its
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normal, rather than replicate that vertex at each polygon. The reason I don’t do this is
to support edge preservation. This is a technique where two adjacent polygons are not
averaged together if they diverge from coplanarity by more than a given criterion. For
example, if a number of polygons all come together at the tip of a narrow cone, then
we probably don’t want to smooth the vertex at the tip, though we want to smooth the
other vertices of the cone. So the vertex at the tip will have a different normal for each
constituent polygon. Edge preservation is disabled by default; you can enable it (and
supply its comparison threshold) with a function call.

Note that as with any hashing scheme, two spatially distinct vertices can hash to the
same table entry, so we may need to pass through each hash-table list multiple times
to pick up each vertex.

The general flow of the algorithm is a pair of small loops in a larger loop. The outer
loop scans all the hash buckets. If the entry is NULL then it moves to the next; if it
is non-NULL then it is processed. Processing starts up a loop that continues as long as
there are any vertices in the list at this entry that are marked as waiting (I simply scan
the list and look for any such vertex). The first vertex found that is waiting is set to
working; this becomes the vertex for which we want to compute a normal. We initialize
a new vertex normal with the normal of the polygon containing this vertex.

We now continue scanning the list. If we find another vertex that is acceptably close
to this one spatially, then we examine it. If edge preservation is disabled, we mark
that vertex also as working and add its polygon’s normal in to the accumulating vertex
normal. If edge preservation is enabled, we check the angle between the new polygon
and the original one and mark it working and add in the new polygon’s normal only if
the angle is sufficiently large.

When we reach the end of the list, we normalize the vertex normal. We then pass
through the list again, searching for nodes with the status working. For each such node,
we copy the vertex normal into the normal pointer for that vertex for that polygon,
and set the node to done.

When we reach the end of the list, we return to scan for any more vertices that are
still waiting. If every node in the list is done, we move on to the next hash-table entry.

O Use <

You supply input to the package by filling up data structures of type Polygon, which
the package augments with vertex normals.

A simple demonstration program is supplied with the code; it makes a mesh of quadri-
Jaterals and triangles and writes them to the standard output with vertex normals. The
main routine initializes the package, inserts polygons, enables edge preservation, builds
normals, saves the polygons, and frees the package’s memory. The mesh is a function
z = y|1—2x| over the unit square; so at y = 0 it’s flat, and at y = 1 it’s a sharp crease. In
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the driver I turn on edge preservation with a minimum dot value of 0.0 (corresponding
to 90°), so the crease is smooth up to y = 0.5, when it becomes crisp.

To use the package, call initAl1Tables, which returns a pointer to a data structure
of type Smooth.

To insert polygons, fill in an array of Point3 structures with the vertex locations,
and pass this array, the vertex count, and the smooth pointer to includePolygon. This
routine also allows you to attach a user pointer of arbitrary type to the polygon. I have
found this useful for keeping color and texture information with the polygon.

To enable edge preservation, you can call enableEdgePreservation at any time after
initialization and before computing normals. Pass it the smooth pointer and the value

of the smallest dot product (i.e., the cosine of the largest angle) which you are willing
‘ to call “fat.” If you later want to turn off this option, call disableEdgePreservation.
The fuzz tolerance for comparisons is set by a call to setFuzzFraction.

When all your polygons are in, call makeVertexNormals, passing in the smooth
pointer. The result is that Smooth field polygonTable now points to a copy of your
polygon list, only each polygon now contains its own surface normal (stored in normal)
and an array of normals (stored in normals as an array of Vector3 structures) corre-
sponding to each vertex. The next field points to the next polygon so you can read them
all back by following this link. The polygons are stored in this list in the same order in
which you included them. When you're done with all the polygons, call freeAll with
the pointer to smooth to release the storage used by the system.

You may want to play with the hashing function; I used a very simple one. First I
round each vertex to three digits of precision (this is controlled by the QSIZE constant).
I then scale the three coordinates by three different small primes. You can try any hash
function you like, but it must always return a non-negative value. The size of the hash
table is given by the HASH_TABLE_SIZE constant.

& Discussion <

This algorithm can be sensitive to small variations in the input. For example, if two
adjacent polygons share a vertex, but one stores the X coordinate of that vertex as
3.999999 and the other stores it as 4.0, then the two vertices might fall into different
buckets. This could be fixed by multiple hashing: use two different, overlapping hash-
ing functions, and run through both hash tables for each vertex (being careful not to
duplicate included polygons). '

The algorithm could be improved by making QSIZE also dependent on the overall
bounding box of the model.

Some applications may find it useful to access the internal data structure which con-
tains the inferred topology of the model before returning that memory to the operating
system.
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¢ CCode ¢

Header File

/* smooth.h */
/* header file for polygon smoothing */
/* Andrew S. Glassner / Xerox PARC */

#include <stdio.h>
#include <math.h>

#ifdef STANDALONE_TEST
#define NEWTYPE(x) (x *)malloc((unsigned) (sizeof (x)))

typedef struct Point3Struct {
double x, vy, z;
} Point3;
typedef Point3 Vector3;
typedef int boolean;
#define TRUE 1
#define FALSE 0

Vector3 *V3Normalize(Vector3 *v);

Vector3 *V3Add(Vector3 *a, Vector3 *b, Vector3 *c);
double V3Dot {Vector3 *a, Vector3 *b);

#else

#include "GraphicsGems.h"

#endif

fHA% ks xxx MACROS and CONSTANTS ***** %4/

/* new array creator */
#define NEWA (x, num) (x *)malloc{ (unsigned) ( (num) * sizeof(x)))

#define MARKWAITING 0
#define MARKWORKING 1
#define MARKDONE 2

/* fuzzy comparison macro */
#define FUZZEQ(x,y) (fabs ((x)-(y))<(smooth->fuzz))

/* hash table size; related to HASH */
#define HASH_TABLE_SIZE 1000

/* quantization increment */

#define QSIZE 1000.0

#define QUANT (x) ((int) ((x)*QSIZE)) /QSIZE)

#define ABSQUANT (x) ((int) ((fabs (x))*QSIZE)) /QSIZE)
\

#define HASH(pt)
int) (((3*ABSQUANT (pt->x)) + \
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(5*ABSQUANT (pt->y)) + \
(7*ABSQUANT (pt->z))) * \
HASH_TABLE_SIZE)) % HASH_TABLE_SIZE
/********* STRUCTS AND TYPES *********/

typedef struct Polygonstruct ({

Point3 *yertices; /* polygon vertices */
Vector3 *normals; /* normal at each vertex */
Vector3 normal; /* normal for polygon */
int numverts; /* number of vertices */
void *user; /* user information */
struct Polygonstruct *next;

} Polygon_detf;
typedef Polygon_def *Polygon;

typedef struct HashNodestruct ({

Polygon polygon; /* polygon for this vertex */
int vertexNum; /* which vertex this is */
int marked; /* vertex status */

struct HashNodestruct *next;

} HashNode_def;
typedef HashNode_def *HashNode;

typedef struct SmoothStruct {
HashNode hashTable[HASH_TABLE_SIZE];
Polygon polygonTable;
Polygon polyTail;

double fuzz; /* distance for vertex equality */

double fuzzFraction; /* fraction of model size for fuzz */
boolean edgeTest; /* apply edging test using minDot */

float minDot ; /* if > this, make sharp edge; see above */

} Smooth_def;
typedef Smooth_def *Smooth;

/********* publlc procs ************/

Smooth initAllTables () ;

void includePolygon (int numVerts, Point3 *verts, Smooth smooth, void *user);
void makeVertexNormals (Smooth smooth);

Jrxxxxxxx puplic option contorl procs ***xxxkxxxxiy

void setFuzzFraction (Smooth smooth, float fuzzFraction);
void enableEdgePreservation (Smooth smooth, float minDot) ;
void disableEdgePreservation(Smooth smooth);

Smoothing Code

/* smooth.c - Compute vertex normals for polygons.
Andrew S. Glassner / Xerox PARC






